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RECURSIVE  DEFINITIONS  OF  PARTIAL  FUNCTIONS  AND  THEIR  COMPUTATIONS 

by 

J.M.  Cadiou 


ABSTRACT:  A formal  syntactic  and  semantic  model  is  presented  for 

'recursive  definitions'  which  are  generalizations  of  those 
found  in  LISP  lor  example.  Such  recursive  definitions  can 
have  two  classes  of  fixpoints,  the  strong  fixpoints  and  the 
weak  fixpoints,  and  also  possess  a class  of  computed  partial 
functions . 

Relations  between  those  classes  are  presented:  fixpoints  are 

shown  to  be  extensions  ol  computed  functions.  More  precisely, 
strong  fixpoints  are  siiown  to  be  extensions  of  computed 
functions  when  the  computations  may  involve  "call  by  name" 
substitutions;  weak  lixp.'ints  are  shown  to  be  extensions  oi 
computed  functions  when  the  computation  onlv  involves  "call 
by  value"  substitutions.  The  (Tiurch -Rosser  property  for 
recursive  dciinitions  with  fixpoints  also  fc'llows  from  these 
results . 


Then  conditions  are  given  on  the  recursive  definitions  to 
ensure  tliat  tfiev  possess  least  fixpoints  (of  !)ot'i  classes), 
and  computation  rules  are  given  for  computing  these  two 
fixpoints:  the  'lull'  computation  rule,  wiiicit  Ic.ids  to  the 

least  strong  lixpoint,  and  the  'standard  innermost'  computation 
rule,  which  leads  to  tlie  least  weak  fixpoint.  A general  class 
of  computation  rules,  calKal  'safe  innermost',  also  lead  to  the 
latter  fixpoint.  I'he  "leftmost  innermost"  rule  is  a special 
case  of  those,  lor  the  I.lSi'  recursive  definitions. 
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ADVICE  TO  THE  READER 


The  essence  of  the  material  in  this  work  is  presented 
and  discussed  in  Chapter  1.  Chapters  2-5  contain  detailed 
and  formal  definitions,  together  with  all  the  proofs  of  the 
results.  They  are  primarily  intended  to  be  reference  material. 
The  conclusion  contains  some  remarks  on  possible  further  research 
related  to  this  work. 
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1.1  Introduce  ion 


This  dissertation  presents  a syntactic  and  senantic  mode]  for  'recursive 
definitions  which  are  generalizations  of  those  intrcnuced  in  McCarthy 
'lb/) 


l.ach  recuisive  definition  yields  two  classes  of  fixpoints—  , the 
strong  fixpoints  and  the  weak  fixpoints,  and  a class  of  computed  partial 
functions  obtained  b>  applying  difterent  computation  rules  to  the  'recursive 
definition'.  In  this  work  we  first  show  the  relations  between  the  computed 
functions  and  the  strong  fixpoints  (Theorem  1),  and  between  tl>e  functions 
computed  by  "innennost  substitutions"  and  the  weak  fixpoints  (Theorem  .). 

We  are,  of  course,  interested  in  those  fixpoints  which  can  be  computed. 

We  give  a sufficient  condition  on  'recursive  definitions'  to  guarantee  the 
existence  of  a partial  function  which  is  the  least  (defined)  strong  fixpoint 
of  the  'recursive  definition'  fTheorem  /,)  , and  also  the  existence  of  a partial 
function  wliich  is  tlie  least  weak  fixpoint  of  the  'recursive  definition' 

Theorem  . We  then  describe  a computation  rule  f.'r  computing  the  least 
strong  fixpoint  Iheoiem  and  another  for  computing  the  least  weak  fixpoint 
rlieorem  ■ . We  finally  give  an  additional  class  of  computation  rules  which 

lead  to  the  least  weak  fixpoint  Theorem  . 


We  use  quotation  marks  to  avoid  possible  confusion  with  the  well  established 
meaning  of  thi'  word  "recursive"  in  computability  theory.  Our  'recursive 
definitions'  include  as  special  cases  those  used  by  Kleene  (l  * » ) and 
others  to  define  recur  ,ive  functions,  but  some  of  our  results  are  actually 
more  general.  We  will  omit  the  quotation  marks  when  no  confusion  can  arise. 

Informally  speaking,  a fixpoint  of  a recursive  definition  is  any  partial 
function  which  satisfies  the  definition. 


Recursive  definitioas  were  introduced  long  ago,  for  example  by  Herbrand 
^U'^l)i  fjodel  Kli'otif  1 ) and,  in  a different  way,  by  McCarthy  (190^). 

More  recently,  recursive  deii  nit.  ions  ti.ive  been  studied  by  .several  authors: 

(a  Morris  O «t  i*'  emphasizes  the  distinction  between  the  two  ways  in 
which  a recursive  definition  can  be  considered,  namely  as  defining  fixpoint 
functions  or  as  a means  of  defining  computations. 

He  also  mentions  the  two  possible  types  of  fixpoints,  and  states  a 
theorem  and  a conjecture  , both  of  which  can  be  shown  as  special  cases  of 
Our  results. 

(b)  Manna  ana  McCarthy  '"I  r/^^  present  two  computation  rules  which  they 
call  "sequential"  and  "parallel",  and  give  an  example  to  show  that  there 
are  other  intuitively  appealing  computation  rule.s.  The  "sequential"  and 
parallel  ' rules,  as  well  as  the  one  suggested  by  their  example  are  special 
cases  0 1 the  rules  that  wi  present  in  Section  1.1+ . 

(c  Manna  and  Pnueli  1 /''.j'  formalize  computations  with  recursive 
definitions  as  sequences  ol  terms.  Our  formal  computations  are  generalizations 
of  theirs. 

d)  Rosen  IT^l)  establishes,  in  particular,  the  Church-Rosser  property 
for  recursive  definitions  which  arc  essentially  equivalent  to  those  that  we 
consider  in  Section  l.o.  This  property  is  also  a consequence  of  our  results 
of  Sections  1.,  and  l.f  . Rosen  further  establishes  that  such  recursive 
definitions  possess  what  we  call  a strong  fixpoint  (which  essentially  solves 
the  conjecture  in  Morris  ;1  = *^)H)).  Our  proof  of  this  result  is  quite  different, 
and  has  the  advantage  of  being  constructive,  that  is  of  exhibiting  a computation 
rule  which  actually  yields  the  fixpoint  in  question. 
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Mol i vat  ion 


1 . 

i'his  section  presents  some  elementary  examples  and  attempts  to 
provide  an  intuitive  background  lor  our  model  of  'recursive  definitions'. 

Let  us  consider  first  tiie  well-known  recursive  definition  of  tlie 
lactorial  function  over  tlie  integers: 

i 1 X = then  1 e lse-  X 'F^x- 1 ) ) . 

As  emphasised  in  Ibrris  1 , .and  Rosen  (l  7I),  there  are  two  different 

ways  in  whicli  one  can  consider  this  definition: 

a as  a functional  equation  in  the  variable  "F",  (the  equation 
bein^  implicitly  universally  quantified  over  "x")  ; 
b as  a recursive  definition  of  ]’  whereby  1:.;  is  defined  in  terms 
o t 1 X - I . 

It  is  essential  to  under  t iiul  tlii'  difference  between  tlie  two  approaches. 

ipprc'ach.  one  is  interested  in  studyinj-  the  partial 
functions  !•  that  sati.sr  the  correspondinj;  equation,  i.e.,  the  fixpoints 
ol  the  liquation.  1 is  a 'ixnoint  i>i  the  eijuat  iun  it; 

• • f n if  n tiieii  1 else  n-l  n-1  • 

lor  tills  equation  te  b«-  mean  i up  f u 1 , ene  must  th  t i le  pt'caisely  the  value 
of  the  riydiL  hand  side  e!  i ' fur  a yiven  partial  function  I and  for  a 
given  value  n ol  x . Let  us  t emporar i 1 v denote  this  value  if  n 


If  w 

e take: 

f n : 

i t n 

1 n 

- . 

1 

1 

i t n 

we  see  that  there  is  no  difficulty  in  defining  ^ J ,n'  = n n = j e]  ge 

n.f'n-1,  , if  we  consider  "i  1 . . . t he  n . . .e  1 se  . . . " as  a function  of  three 

Wtiere  n!  is  defined,  for  example,  as  being  the  number  ol  permutations  of 
n obiects,  or  by  some  infinite  taile  from  which  the  values  are  read. 


arguments  in  the  obvious  way  (conditional  connective) . It  is  easy  to  see  that, 

for  every  integer  n,  f^n  =•  TCfin/.  i-e-.  f is  a 1 Ixpoint  of  (I,'. 

♦ ' 

Since  partial  functions  can  take  the  undefined  value  u)  , we  must  be  able 
to  give  values  to  expressions  which  contain  undefined  arguments.  For  example, 
i f we  take  : 


we  have  for  n = 0: 


1 

r U I 

i f 

n > 0 

g(n)  = j 

if 

n 0 

= 0: 

g,0)  •=  (if  T then  1 else  0*ju)  . 


If  we  define  0*<u  ~ lu  i obtain: 

T giO)  = I'll  T then  I else  uj)  • 

Now,  if  we  define  in  addition  (if  T then  1 else  uj)  = 1,  we  finally  get: 

T(g.O)  = 1- 

In  fact,  the  standard  definition  of  the  operation  and  if-then  else  can 
be  extended  for  uj  in  such  a way  that  g is  also  a fixpoint  of  equation  (1). 

In  general,  even  after  fixing  the  meaning  of  the  base  functions  for 
all  possible  values  of  the  arguments  including  aj)  , a 'recursive  definition' 
may  have  more  than  one  fixpoint  ^possibly  infinitely  many)  --  or  none  at  all. 

(b)  In  the  second  approach,  one  is  interested  in  defining  ways  of 
actually  computing  F by  using  the  recursive  definition.  For  example, 
let  us  describe  the  natural  way  to  compute  F(n)  by  using  the  recursive 
definition  (1): 

F(?)  _if.  ? = U then  1 else  2»f(1) 

-♦"’^‘F(l)  (since  2 = 0 is  false) 

1/^  The  undefined  value  u)  can  be  considered  as  the  value  associated  with 
a non-terminating  computation. 


1 = 0 then  1 else  1kF(0)) 

-»  2*1*F(0)  ^since  1 = 0 is  false; 

-4  2»(^  0 = 0 then  1 else  0^<■F  (-1)) 

--»2*1  (since  0 = 0 is  true) 

-»  2 . 

Such  a computation  appears  as  an  alternating  succession  of  two  kinds  of 
steps:  "Simplification"  and  "Substitution". 

In  the  simpli fication  setps  , all  the  expressions  that  do  not  contain 
the  function  variable  F are  evaluated,  expressions  of  the  form  "(if  T 

then  A else  B)"  are  replaced  by  "A",  and  expressions  of  the  form  '\if  F 

then  A else  B) " are  replaced  by  "b". 

In  a substitution  step,  an  expression  of  the  form  "F(n)"  is  replaced 
by  "(if.  n = 0 then  1 else  n*F(n-l))".  A substitution  step  occurs  only  when 
no  more  simplifications  can  be  performed,  (in  more  complicated  situations, 

substitution  steps  could  involve  the  replacement  of  F(a)  by  the 
corresponding  righthand  side  of  the  recursive  definition  even  when 
cc  is  an  expression  containing  F.  This  corresponds  to  a call  by  name 
computation  and  will  be  discussed  later  in  detail) . 

If  such  a computation  of  F(x)  terminates  with  an  integer  n,  we 
say  that  the  corresponding  computed  function  f takes  the  value  n at 
X,  i.e.,  f(x)  = n.  If  it  does  not  terminate,  we  say  that  f is 
undefined  at  x,  i.e.,  f(x)  = uu. 
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One  should  be  awnre  that  sometimes  by  adding  simplification  rules  one 
may  extend  the  caiiputed  function,  (i.e.,  one  may  change  nonterminating 
computations  into  terminating  ones).  For  example,  the  recursive  definition 
F(x)  <-  (1^  F,x)  = . then  1 else  1 (?) 
over  the  integers,  may  vicld  two  different  values  for  f(0)  , which  depend 
upon  whether  or  not  we  apply  the  simplification  rule; 

' (i^  A then  B else  B) ' replaced  by  'b'  . 
if  we  do,  we  get  that  f(0)  = 1,  otherwise  that  f(0)  = uj. 

The  sequence  in  which  the  substitutions  are  performed  can  also  affect 
the  convergence  of  the  computation.  Consider  for  example  the  following 
recursive  definition  (Morris  (1968) , p46) : 

F(x,y)  <=  ij^  X = . then  0 else  1 + F(x-1  ,F  y-?  ,x) ) (5) 

Let  us  compute  F ^ ,1, . The  first  step  is: 

F(2,1J  ^ + F(1,F  -1,2)) 

Now  we  see  that  there  are  two  ways  of  continuing  the  computation, 
according  to  which  occurrence  of  F we  choose  to  replace  by  the  recursive 
definition : 

(i J i f we  choose  the  "innermost"  one,  the  next  term  is: 

1 + F(1  ,1+F(-.  ,F'U,-1'  ) ) 

(ii)  if  we  choose  the  "outermost"  one,  the  next  term  is: 

2 + Fr.,F(F(-l,  -2,1/. 

In  both  cases  we  have  three  ways  to  continue. 

It  is  easy  to  see  that  if  one  keeps  substituting  for  the  outermost 
occurrence  of  F,  the  computed  value  is  f(2,l)  = 2,  whereas  if  one  keeps 
substituting  for  the  innermost  occurrence  of  F,  the  computation  does  not 
terminate,  i.e.,  f(2,l)  = u) , (which  incidentally,  shows  that  the  innermost 
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compiitaLions  are  not,  in  j;encral  , those  tiiat  temiinate  whenever  possible). 

.So  In  general,  liiilerent  computation  mechanlsm.s  can  lead  to  different 
results,  and  therefore  we  have  a class  of  partial  lunctions  computed  with 
a 'recursive  definition'.  Our  aim  in  tliis  work  is  to  study  the  relation  of 
these  ccxnputeil  functions  with  the  fixpoints  of  the  'recursive  definitions'. 

We  will  at  this  point  introduce  some  of  the  formalism  of  our  system. 

1 . - Terms  ^ind  Their  Kvaluat  ions 
1 . . 1 Syntax 

The  terms  which  are  used  in  our  'recursive  definitions'  and  in 

the  formal  computations  are  constructed  from  the  symbols  of  an  alphabet 

» / 

consisting  of  a unary  function  variable  F,  an  individual  variable  x,  given 

n-ary  function  letters  , individual  constants  c^,  and  (which  stands 

for  the  sy-mbol  of  an  "undefined"  element),  as  follows: 

a X,  c.  and  x arc  terms  . 

.1 

b if  , ....  I arc  terms,  and  g.  is  an  n-xrv  given 

1 n . i. 

function  letter,  then  g,  ' , i , ' is  a Lenn  . 

.11  n 

e if  is  a term,  then  F is  a term. 

d there  are  no  otlier  terms  than  those  which  can  be  obtained 

from  'aj  by  a finite  number  of  applications  of  b,  and  {c) . 

For  example,  g F x , g c,  is  a term. 

1 . y . Semant i c s 

We  defj.ic  the  semantics  of  the  system  by  interpreting,  in  the 
natural  way,  the  c^  ' .s  as  elements  c^  of  some  domain  A , uu  as  the  undefined 
element  x ^ and  the  g^  's  as  partial  functions  , as  explained  on  the 
following  page . 

— For  convenience,  we  only  discuss  in  this  Chapter  recursive  definitions  with  a 
single  function  variable  and  a single  individual  variable.  In  Chapters  P,  ^ 
and  b the  results  are  stated  and  proved  for  recursive  definitions  with  several 
individual  variables.  The  results  can  be  extended  to  systems  of  such  recursive 
definitions  See  Appendix  II). 

has  in  fact  the  formal  properties  of  an  expression  whose  computation  does  not 
terminate . 
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A subset  D of  ^ (D  C a)  is  also  specified  as  part  of  the  interpretation. 
It  is  the  domain  ol  the  unknown  partial  functions  f's. 

Note  that  an  element  of  the  alphabet  is  represented  by  a letter 
underlined  with  a ' , whereas  its  interpretation  is  represented  by  the 
same  letter  without  underline.  We  will  omit  the  underline  '.J  whenever  no 
confusion  can  arise. 

Ihe  interpretation  oi  x and  K will  be  discussed  in  the  next  paragraph. 

there  is  a technical  ditficulty  involved  in  the  interpretation  of  the 
S-i  ' , . • . . 

..1  s . in  most  cases,  one  is  interested  in  computing  partial  functions  over 
some  domain  D c.g.,  the  integers,  the  lists,  etc.),  but  one  needs  to  evaluate 
some  terms  outside  of  that  domain  (for  example,  predicates).  Tr  cope  with 
this  problem.  Manna  and  Pnueli  (1 vTo)  define  two  kinds  of  terms  in  their 
syntax;  the  conditional  terms  ^which  evaluate  in  1)+  and  the  propositional 
terms  which  evaluate  in  iT,!'}'*’).  Instead,  we  let  the  domain  D of  the  partial 
functions  be  a subdomain  of  A,  the  domain  of  our  semantic  interpretation. 

In  most  of  our  examples,  A i-s  D , In  general,  each  n-ary  given  function 

is  specified  as  a partial  function  over  a subdomain  of  ^A"*")".  Then,  as  shown 
below,  the  conditional  connectives  can  be  introduced  as  given  functions,  and 
so  we  do  not  make  a special  syntactic  treatment  for  them. 

Example : The  conditional  connective  'if-then-else ' is  usually 

understood  as  a ternary  function  over  {t,F}'^  > which  is  a subdomain 

}''  = (D  J [T,f]  I'jujj  , and  can  be  defined  in  several  ways.'^  Two 

variants  of  the  ' i f-then-e  I ,e  ' connective  have  been  discussed  by  Manna  and 
McCarthy  l/''0)  : 

(a;  the  sequential  'if-then-else',  where,  for  every  x,y  e d"*": 

if  T then  x else  y)  h x 


‘J  stands  for  D ^ tx]  ; in  general,  for  any  set  S,  we  denote  S {uj)  b - s"*". 

Notice  that  we  use  only  one  symbol  a- , instead  of  using  one  for  D and  one  for 
the  truth  value  domain  1T,f].  In  fact,  the  interpretation  is  not  constrained 
to  have  a truth  value  domain  {T,f]  distinct  from  D.  The  formal  treatment  of 
chapters  -S  shows  that  this  does  not  weaken  the  results. 

*/ - indicates  the  e(|uality  relation  over  A"*";  therefore  ou  = uu  is  true. 


9 


i!  h then  x else  y)  - y 
il  X then  x else  y UJ 

h the  par  cl  1 lo  I ' i I -t  hen-e  1 se  ' , where,  for  every  x,y  e 

if  T then  X else  y)  ;< 

il  K then  x else  vy  - y 

i1  X theii  X else  x x,  and 

i!  X then  X else  y x when  x f y. 

Note  that  the  parallel  ' i 1 -then-e Isi’ ' is  more  delined  than  the  sequential 
'if-then-else  ' . 


1 . j . Evaluations  ol  Terms 

Informally  speaking,  once  the  variables  K and  x are  specified 
i.e.,  bou  id  to  given  values^,  a term  - K,x'  can  be  evaluated  in  the  obvious 
way  i.e.,  the  inner  subtenns  are  evaluated  first  , 

There  arc  two  natural  ways  oi  sped  living  x ard  F: 

a one  is  to  specify  x as  an  element  o)  1)  and  F as  a partial 

function  over  D i.e.,  a mapping  of  1)  into  1)^  . 

b the  other  is  to  specily  x as  an  element  o 1 D and  F as 

a partial  function  over  I)  i.e.,  a mapping  of  D into  D ). — 

Corresponding  to  those  specifications  ol  the  variables,  there 
are  two  wavs  of  evaluating  the  terms,  which  yield  what  we  call,  respectively, 
the  weak  value  and  the  strong  value  of  a term, 

a)  The  .veak  value  ul  = •I'F.X;  for  F being  f e pf  L)}  ' and 

X being  is  an  element  o!  .denoted  ^ 1,5/  • which  is  defined  inductively 

as  follows  : 


One  may  want  to  allow  >:  to  range  over  l/  (i.e.,  with  possibly  undefined 

value  , because  one  mav  want  to  consider  x as  the  value  of  a computation 
which  may  he  nont  c rmiiiat  ing)  . 

-'What  we  call  a "partial  limction  over  D " is  actually  what  is  usually 
called  a total  lunction  ov<«r  D+  c.g.,  in  Morris  '1  0.‘)  ■ However,  we 
find  it  convenient  to  consider  such  a function  as  a special  case  of  a 
partial  function  of  a domain  S into  a range  R,  where  S = and  R = D. 

See  Appendix  1 for  3 presentation  of  the  main  results  regarding  those 
functions . 

**■*! 

We  denote  the  set  ot  partial  functions  over  U by  pi,D)  and  the  set  of 
parti.il  functions  ovit  bv  pf  . 
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this  special  rule  and  its 
iliicts  a>-e  discussed  below) 


, + » 


is  an  elemert  ul  , denoted  - i.r  .^hich  is  defined  inductively 

as  follows: 

i ■ iv  : us  in  ease  a 

v'  if  ' is  I / then  ~ i‘,e)  ^ f 
Ihe  only  diffeienee  between  the  two  evaluations  resides  in  the 
evaluation  of  the  tenns  1 u . In  the  first  case,  since  f is  a mapping 
•’t  D into  D+,  f has  no  meaning:  the  so'nt  .on  adopted  is  equivalent  to 
arbitrarilc  setting  f x j.  In  the  secotid  case,  since  : is  a mapping  of 

into  1 X is  speciiied. 

This  ditlcrence  turn'  out  to  be  an  essential  one,  as  will  be  seen  in 
Section  1 ....  1 . 


1 • ‘Recursive  l)e  1 ini  t ions  ' 

A recursive  cle ! ini t ion' i s an  expression  oi  the  form  F x = * 1.x), 
where  ^ is  a term  over  an  interpritoii  alphabet.  We  use  D to  dinote  the 
partial  tunction  domain  of  the  interpretation. 

1-  --1  Fixpoints  of'kecuisivc  .)e  f ini t ions ' 

Let  I xj  • = ’ i ,v  b<  a recursive  definition.  Flu  re  arc  two  types 

are  implicitly  assumin',  here  tliat  tlie  vector  f, §),....  ~ f,^)  > 

belongs  to  the  domain  ot  e, . . In  ' h/ipter  c,  wi  present  a method 
for  relaxing  this  assumption. 
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T 


'n-cursi.ve  do  1 in  it  i on  ' , no' responding  to  the 
discussed  in  the  previous  paragraph; 
a A partial  luiiction  1 over  I)  is  u weak  iix point  ol  the 
'recursive  dolinition'  ii; 


ot  fixpoint  functions  ol 
two  evaluations  ol  - 1 ,y. 


V:el)  : 1 : t ; 

bi  A partial  lunction  i over  j/  is  a st  rout;  lixpoint  of  tlie 
'recursive  de  f ir,  it  ioii  ' it; 

Vfeh’'’  : 1 f . 

ilioso  two  tvpes  ol  fixpoints  are  in  general  completely  different; 
there  are  'recursive  definitions'  - which  have  weak  fixpointi  hut  no  strong 
fixpoints;  others  have  strong  fixpoints  but  no  weak  fixpoints.  Tliere  are  oven 
recursive  detinitions  which  have  weak  lixpoints  find  strong  tixpoints  which 
agree  nowhere  on  I).  }.;,amples  of  su  ;h  recursive  definitions  can  be  .ound  in 
Section  o:  Clniptti  . However,  we  shall  set  Section  1 . ' tliat  , 

for  an  important  subclas.s  of  'recur si vi  de  l i ni t i ons  ' , the  wcuk  fixpoints  and 
the  strong  tixpoints  ol  -aich  recursive  del  ini t ions  h„vc  tla  property  that  they 
are  all  extensions  — oi  one  ot  them,  the  leist  wear,  lixpoint  ol  the  recursive 
definition.  A wc ak  iwsp.  strong)  lixpoint  lel  a given  ' ■ ecur sivo  de f init ion ' 

is  said  to  bo  o weak  iixpoim  n sp.  strong,  ol  tlie  'M.eursive  definition' 

11  ever,  weak  resp.  str,,ng  lixpoint  oi  the  recursivi  delin'tion  is  an 
extension  — ol  1 , 

I • ' • Compu  lit!  .ms  with  Rc-eursive  Del  ini  lions 

A n.itural  way  ol  toniiaU/ing  computations  such  us  tlie  onjs  we 
informally  presented  in  .Section  l.i  is  t hk-r  them  as  a sequence  of 


IWo  emphasise  again  that  we  use  tl.e  wo,  ...ursive"  to  indicate  that  the  function 
variable  appears  in  both  sides  ol  the  "icxursive  delinition",  i.v.  that  F is 
defined  in  terns  ol  itsell,  wliich  is  the  usual  intended  meaning  in  programming 
language.s  e.g.  reeursivo  procedure,.  It  is  not  intend.-d  to  mean  that  TfF.x  is 
recursive  in  i or  x iii  the  sense  ol  the  recursive  lunction  theorv.  In  fact  so 
tar  the  base  lunctions  of  the  model  may  well  he  non-computable Restrictions 
on  tlic  base  functions  art  onlv  needed  iir  Theorems  - 

U.  II  f ami  K arc  par-1,.1  funclions  ,.rcr  a s.n  S I ,r  m,.ppin,.»  o,  s Inio  S+'  , uo  a iy 
l.al  K an  ol  f ifo  vxr.S)  f(x)/.p.  f'x  „{.x)|.  See  Appendix 

1 for  general  properties  of  this  extension  relation. 
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terms,  tians iortivd  by  .successive  manipulations,  in  the  st\ le  ol  .M.inna  and 
I" nuel  i 1 ' ’o)  . 

Givi'ii  a 'recursive  del  ini  lion' 

Y \ • = T '1  , 

we  define  a computat ion  ol  a term  j.K,x  for  x = c,  where  c is  an  element 
o!  , as  a sequence  ol  terns  , where: 
a = ,c;  , 

.and,  for  i 2 > ‘i+i  deduced  from  by  a finite  number  ol  applications  oi 

two  basic  rules: 


1.  Replacement  of  a term  6 occurring  in  by  some  term  y where, 
for  every  partial  function  1 over  D 
r ' f , c = V t , c , 

*/ 


i.e.,  replacements  that  must  preserve  e-quality  of  the  strong  values. 

Re-pl  .ices’  e ! t Ol  a tv'rn  of  tlic  form  ? c,  occurring  in  by 
whore  - can  be  any  ter;'i. 


A conputaii'  .i  t ern:  i gat  C' s if  and  only  if  it  eventually  roaches 
sonie  value  in  i.  If  liu  coin;ut„tion  readies  a,  it  is  not  consi'ered  to  have 
terminated . 


Rule  1 allows  'st  tailiir  simpl  i 1 icat i on  rules,  sui h as: 
(a  lor  the  |iu  lit  1 a’.  ' i : -t  heii-e  1 se  ’ connective: 


_l_  1 th'  1! 

A 

. 1 se 

Id 

A 

H, 

. K,  and 

1 J llun 

A 

( 1 se 

• X '< 

b for  the  purallel  ' i 1 -tben-e 1 se  ' conneC^ive: 

1 1 .1  tlun  t e 1 se  It;  -•  B 1 

c'  for  the  multiplication  1 unci  ion  over  the  integers 
extended  by  ' j j. " : 


‘Notice  that  the  deiinition  oi  a computation  demands  that  an  intc  f-pretation 
of  the  alphabet  be  supplied. 
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J*A  and 

A*^  . 

(d'  for  tho  multiplication  function  over  the  integers 
extended  bv  1 *-i'  = 'X'"l  = x 
j_*A  • A , and 
A •_!  . A . 

It  also  allows  the  replacement  of  given  functions 
(with  completely  specified  arguments)  by  their  values,  that  is: 

where  b = g(a^ a^)  . 

but  in  tact  there  are  many  'non-standard'  replacements  that 
are  allowed  by  Rule  1.  for  example, 

(a)  "Backward"  calculations,  such  as: 

A » (il  T then  A else  B) , or 
b Replacements  indicating  more  sophisticated  "logical 
deductions",  sucli  as: 

'it  F(x)  then  K(x)  else  C)  >L. 

This  last  example  is  the  one  that  Manna  and  McCarthy  (l  C('0)  use 
to  suggest  appealing  computation  rules  other  than  their  'sequential'  and 
'para]  lei  ' rules . 

It  should  be  emphasized  that,  because  of  Rule  1,  computations 
depend  on  the  interpretation  of  the  alptiabet  : some  replacements  which  are 

allowed  within  one  interpretation  can  become  illegal  in  another  interpretation. 

Rule  clearly  allows  not  only  ttie  "innermost"  substitutions  of 
(v)  by  "'K,ry)  (that  is,  when  <y  is  a constant),  but  also  any  "outer" 

substitution  of  a term  F by  F .-y)  (that  is,  when  r/  is  an  arbitrary  term  which 
may  contain  F's).  Morris  1 /'Wj  and  Rosen  I 'Yl)  use  the  phrase  "call  by  name" 
to  designate  these  "outer"  substitutions. 

Ih 


Inttrmcd  ia' o ^-an  lie  skipptJ  in  a coni|i,  ' it  i 'n  . f-or 

fxanipli  , on>“  ina  ■ iip.  ki  .1:  hi.'  i ■ ii  i'  ci  1 •:  '1.  ts  , 'iv.put  I'.i  va!i‘  . as.su  .mv 

it  is  known  irniii  pnvii.Ai.-  ^ ii.pota;.  n-.. 

For  a K’ i''  <.  n '7 1 . ji  s 1 »’o  il<  1 ii-tii  ii'.  tlion.  arc  o!  ci'ursc  mans  ways 
in  wliich  oiu  couM  app  tfost  run  ■ t a >;ivi-n  term,  anti  consoqueiU  1 y there 

nay  bi'  .1  lar^i'  n .i'.tbor  ol  Jilttii-nt  coi.pntat  i ms  ol‘  this  term. 

So  in  geiuial,  t lu-ro  ait-  !’;any  conputo',!  functions  ol  a 'recursive 
detinition'.  A partial  lunotiun  t over  L)+  or  over  D,  is  said  to  be  a computed 
1 unct  ion  of  a given  recursive  definition  over  d"^  or  ovir  I)  if  it  is  such 
tl'.at  , for  every  xeD"^  or  tor  every  : 

(i)  i f f (x  / X then  there  is  a computation  of  F x)  which 
tonninates  with  f 'x'.  , 

fl"  y t-^en  there  is  a computation  of  F(x)  which  does 

« 

rot  terminate . ^ 

‘ ’5  Reliitions  iktwoen  t lie  li'point.s  and  the  Cumputi  d Functions 

'tie  now  come  to  two  important  results,  relating  the  fixpoints  ef 
a given  recursive  deliniti.  n to  its  computc'd  functions* 

TfiKoHKN !_ . i-or  every  recursive  definition',  every  strong  lixpoint 

IS  an  c.xtv  nsion  01  every  conpute  i tunetion  over  I)^ . 

7_HFnj-  EM  . tor  ever.’  r c'c  ur  s i ve  definition',  e 'e  r v weak  fixpoint  is 
an  exten-  ion  of  ever;,  com;  ited  function  over  !)  obtained  by  inticrmo .s t 
computation.  — 


It  is  dear  that  "cenputed  functions"  as  wc  have  defined  them  may  not  be 
tomputiiblc*  in  ttie  uj'i..!  omput  sbi  1 i t\'  ttieorv  me,tning.  Tliis  makes  f heorc'm.s 
1 and  stronger.  Notice  also  that  the  notion  of  "computed  function"  is 
relative  to  a particular  recursive  definition. 


' ' J 

An  innermoh_t  computat  ion  is  any  computation  in  which  only  call  by  value  is 
permitted,  that  is,  I t may  be  replaced  by  ^ 1 , x}  only  when 

*y  is  an  individual  constant. 


The  proofs  of  thost*  results  arc  given  in  Chapter  . 

Theorem  1 implies  that: 

J 11  one  ol  ..m.puted  lunctions  is  a strong  fixpoint  , then  it 
is  a least  strong  fixpoint . 

iherelore,  it  a 'recursive  de i in  it  ion' does  not  have  a least  strong 

li-xpoint.  no  computed  limit  ion  can  be  a strong  fixpoint  of  this  'recursive 
definit ion  ' . 

lb)  A recursive  di i ini t ion ' cannot  have  more  than  one ‘computable*  strong 
fixpoint  .that  is,  a computed  function  which  is  a strong  fixpoint). 

o'!  If  a 'recursive  definition' has  a strong  fixpoint,  and  if  two 
computations  for  a given  x in  D+  tenninate.  they  must  terminate  with  the 
same  value.  This  is  a Church-Rosser  type  result,  and  it  also  appears  in 
Rosen  11.  Kosen'.  proof  of  this  corollary  is  entirely  dilferent  from 
ours,  and  does  not  rely  on  tlie  fixpoint  idea. 

d The  result  o'  any  terminating  corputaiion  ol  F(,'x)  must  be  the 

value  at  .x  of  every  one  of  the  strong  lixpoints  ol  the  'recursive 
definition'.  This  impiiis  tliat  : 


.1/  If  a 'reiursivo  de  1 i nit  ion’ has 
unde  lined  on  some  sulidomun  li ' ol  1)"*^,  then  no 
on  D ' . 


a strong  lixpoint  which  is 
corputation  .1  I 'x,  can  terminate 


Rxamjiie:  Consider  again  the  recursive  definition  ol  the 

factorial  function  over  th.i’  integers; 

f X = il  X = then  I else  x’l  'x-j_  ) . 

In  section  1..  we  mentioned  that  the  partial  function: 

/ n.'  if  n 

g 'n;  = ] 

I X i f n 
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was  a fixpoint  of  tlu*  recursive  detinition  lor  the  appropriate*  interpretation 
of  the  given  functions.  It  follows  therefore  that  no  computation  of  F(x) 
using  this  recursive  definition  can  tenninate  for  x * 

2)  In  particular,  it  follows  that  no  'recursive  de f ini tion ' f or  which 
the  totally  undefined  tunction  is  a strong  lixpoint  can  have 
terminating  computations  ot  I'  x),for  any  x . 

Thus,  if  K occurs  in  and  if  all  the  given  functions  g used  in  t(F,x) 

are  such  that  g . . . ,jl' , . . . ) x i.e.,  are  undefined  whenever  at  least  one 

argument  is  undefined  , then  it  can  be  shown  that  .4  is  a strong  fixpoint  of 
F xj  • = T F,X/  , and  thoreloie  no  computation  ot  the  'recursive 
dc  fini  t ion 'can  t'rminate. 

For  example,  for  F x = i x , F x • = F x 1 or  F x^  ■ = F(x)  + 1, 
where  1 + 1 = x , no  computation  can  terminate. 

This  implies  that  in  a Vi  cursive  de i i nit  ion' having  a terminating  computation 
at  least  one  givvii  tunction  lias  to  lu  scrietimes  detined  when  one  of  its  arguments  is 
undetined.  Indeed,  both  the  sequential  and  parallel  ' i i -t hen-e 1 se  ' connective 
have  this  property. 

If  a Vecursive  de'lnilion'  has  two  strong  iixpoints  that 
differ  for  some  x , then  no  computaticn  ot  F x can  terminate. 

Kxamp  le  : (onsidir  the  following  'recursive  de  f inition'  over  the 

natural  numbers: 

* j 

F X ■ - i_L  F X - O+l)  then  x cl  se  O”' 

vlth  the  standard  interpretation  of  - 'with  0-1=0  and  yj  - 1 = uj) , •' 
with  I f I = X , and  the  parallel  ' i 1 -theii-e  1 se ' connective.  It  can  be 

■ because  01  the  presence  ol  , the  i iglitiiand  side  of  this  definition  is  not 
"recursive"  in  tlu'  sense  ol  the  usual  computability  theory. 


shown  that  both  the  partial  lunctioiis  1 (n^  0 and  g(nj  n are  strong  fixpoints 

of  tliis  'recursive  del  in  it  ion'.  Therelore,  no  caiiputation  of  F(x) 

can  terminate  lor  x ■ 

Similar  consequences  can  be  obtained  Irom  Tlieorem  r'  for  the  weak 
fixpoints  and  tlio  tunctions  computed  by  innennost  computations. 

iiv  coinl)iniiig  Theorem  1 and  Theorem  , one  get.s  for  example  that, 
if  a recursive  de f i n i t ion' has  a weak  tixpoim  and  a strong  lixpoint 
which  do  not  agree  lor  some  x t.lien  no  innermost  computation  of  F(x) 

can  terminate  for  x . 

It  is  veiy  easy  to  give  ex^imples  wiierc  a computed  function  is  not 
a strong  fixpoint  ol  the  'recursive  delinition'.  or  where  a function  computed 
by  innermost  caiiputation  is  tiot  a weak  lixpoint  oi  the  'recursive  definition'. 

We  now  want  to  give  sufficient  conditions  for  fixpoint  computations  (i .e . , 
computations  such  tliat  the  cor.putcd  function  is  a fixpoint  of  the  'recursive 
definition'  . 

Since  there  are  'recursive  defi  nitions' without  fixpoints,  theie 
conditions  must  obviously  concern  both  the  'recursive  definitions'  and  the 
computation  rules. 

^ Monotonical I y Structured  Recursive  Delinitions 

As  indicated  above,  there  are  'recursive  de f i nil  ions' wh  icb  have  no 
fixpoints  at  all,  such  as: 

i f X , = iX  !■  ••• i then  e 1 se  C • 

There  are  also  recursive  d(  finit ions' which  have  strong  fixpoints 
lor  example,  but  do  not  have  any  that  arc  computed  functions  over  d"*".  For  example, 
the  'recursive  definition'; 

F^x)  •-=  iX  F x)  F X - i)+i)  then  x ek^  0 
(where  the  given  functions  have  the  same  interpretation  as  in 

the  last  example  of  section  1.5).  has  strong  fixpoints. 


U 


‘-•g-.  [nj  = n - , but  does  not  have  any  .oast  fi.xpoint,  and  therefore 
none  of  these  fixpoints  can  be  a computed  tunction  of  the  'recursive 
definition ' . 


We  will  now  give  a sufficient  condition  on  'recursive  definitions' 
which  guarantees  the  existence  of  a least  strong  fixpoint  and  of  a least 
weak  fixpoint. 

We  first  construct  an  ordering  < on  in  the  following  way  (see 


Scott  (1X9)): 

(a)  X ^ X and  X < X lor  every  xcA+  (all  other  pairs  are  unrelated) 

':>)  x^.x^.-.-.x^^  V y^)  iff 

(x^  V y^)  and  x^  y^}  and  ...  and 

X s y "l  . 
n ^n' 

We  say  that  a__term — / is  a monotonically  structured  when  every  given  function 
occurring  in  a is  a monotonic  in  the  sense  that  is  preserves  the  ordering  S 
defined  above. 

Base  functions,  g's  such  that  g . . . ,x  , • . ) x ^.e.,  that  are  undefined 
when  at  least  one  of  their  arguments  is  undefined,  regardless  of  the  values  of 
the  other  arguments)  are  monotonic.  The  sequential  and  parallel  if-then-else 
connectives  are  also  monotonic;  but  the  equality  predicate  over  A"*")  is 
not  monotonic . 


Any  fuf'ction  g whose  values  are  known  for  defined  arguments  can  be 

extended  on  undefined  arguments  in  such  a way  that  it  becomes  monotonic, 
(e.g.  by  defining  g'...,  x,  ...)  - x as  above,  ^ 


^Actually,  one  can  sliow  that  the  strong  lixpoints  of  this  recursive  definition 
are  all  the  functions: 


/ X i f X - X 
f^(x;  = , X if  0 _ X 

, 0 if  X i 
for  all  i , 0 < i V 00 


i and  g.(x) 


''  0 i f X = X 
. X if  0 < X < i 
^ 0 if  X > i 


_^_i/ln  fact,  one  can  show  that  if  g is  a partial  function  over  A^ , it  has  a 
minimal  monotonic  extension  to  (a"*^)  , which  is  the  one  discusset!  above,  and 
a maximal  monotonic  extension  to  (A"*”)^.  In  general  it  is  not  possible  to 
obtain  the  maximal  extension  in  an  effective  way. 
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is  monotonical ly 


We  say  that  a recursive  definition  f x,!  ■>  t'F,x 
structured  if  t(p,x)  is  monotonical ly  structured.  This  class  of  recursive 
definitions  contains  as  special  cases: 

(i)  Klootie's  dclinition  of  partial  recursive  functions. 

(ii)  The  McCartliy  calculus  with  sequential  and  parallel  ' i f-then-else  ' 
connectives . 

The  interest  of  monotonically  structured  recursive  definitions  lies 
in  the  following  two  theorems: 

THEOREJi  5.  A mcnotonically  structured  recursive  definition  has  a least 
strong  fixDoint. 

THEOREM  E . A monotonically  structured  recursive  definition  has  a least 
weak  fi.xDoint. 

A characterization  of  these  fixpoints  in  terms  of  least  upper  bounds  will 

be  found  in  Chapter  't  . 

1 .7  Fixpoint  Computations 

In  the  remainder  of  this  Chapter,  we  describe  computation  rules  which 
lead  to  the  least  s! i ong  or  weak,  fixpoint  for  monotonically  structured 
recursive  definitions,  tlms  showing  that  the  fixpoints  of  Theorems  5 and  k 
are  in  fact  computable. 

1 .y  . 1 . Full  Computation 

The  full  computation  of  o'  for  ^ is  a sequence  of 

terms  ry^,  starting  with  ^ o-(F,x^,  and  such  that  is  obtained  from 

by:  'a)  first  performing  all  possible  standard  simplications , 

and  then; 

'b)  simultaneously  substituting  for  all  the  occurrences 
of  F in  — 

A standard  simplification  is  any  rule  of  the  form  : 

g A ,A  ) ■->  a , 

~ i n 

^^This  is  indeed  possible,  as  sliown  in  Section  5 0* 


20 


where  t 


(i)  each  Is  an  Individual  constant  or  a term  variable 
(a  term  variable  Is  a letter  which  stands  for  an  arbitrary  term); 

(11)  no  two  term  variables  are  identical; 

(ill)  a Is  an  Individual  constant  (not  (ju) ; 

(iv)  the  equation  g(s;j^.52»  • • •?„)  = ^ holds,  for  every  n-tuple 
^n  ^ In  the  domain  of  g such  that, if  is 
an  Individual  constant  a.,  ^ takes  Its  value  a . 

All  rules  that  satisfy  the  above  definition  must  appear  In  the 
set  of  standard  simplifications. 

Examples : (a)  If  T then  1 else  A -»  Is  a standard 
simplification  since:  If  T then  1 else  y)  ^ 1. 

(b)  If  is  the  ordinary  multiplication  over 

the  Integers,  then  3*2  6 is  a standard  simplification  corresponding  to  the 

equation  5*2  * 6.  This  is  a case  where  all  the  A^'s  of  the  definition  are 
Individual  constants. 


(c)  If  is  the  ordinary  multiplication  over 

the  Integers  extended  by  0*yj  = uj,  then  0'*'A  -*  0 is  not  a standard  simplification, 
because  the  equation  0*yj  = 0 does  not  hold.  However,  if  is  the  ordinary 
multiplication  over  the  integers  now  extended  by  0*yj  = 0, (which  is  a 
monotonlc  extension)  then  0*A  -* 0 is  a standard  simplification. 

The  rules  for  standard  simplifications  are  not  completely 
deterministic,  since  the  order  in  which  the  simplifications  are  performed  is 
not  specified,  but  one  can  show  that  the  final  term  (after  all  possible 
simplifications)  is  the  same,  regardless  of  the  order  in  which  the  simplifications 
are  performed. 

As  an  example  of  full  omputatlon,  let  us  consider  the  full 
computation  of  the  term  a = F(F(0))  using  the  recursive  definition  of  the 
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factorial  over  the  integers.  The  sequence  of  terms  of  this  computation  is: 

a ~ a = F(f(o) ) 

O',  " ( (iX  = a th^,  I ) = 0)  then  1 

))^F((if  O-O  then  1 else  0^F(0-]J) -1 

After  standard  simplification,  reduces  to: 

' = I**!'  , and  the  following  terms  are: 

( . = 1 ' ( ^ ^ ^ then_  e l s F ^ J^' } 

\ = i . 

We  have : 

THEOREM  j . full  c ompu t a t ion j . For  a mono ton ical ly  structured  recursive 
definition,  the  partial  function  over  0“^  computed  by  full  computation  is  the 
strong  fixDoint.  of  the  recursive  definition. 

1 .7  •-  Standard  Computation 

The  standard  computation  of  <(F,x}  for  x = x.  is  a sequence 

of  terms  u starting  with  t = (.F,x  ,,  and  sucli  that  a.  is  obtained 

' 1+1 

from  by: 

3;  first  perlonning  all  possible  standard  simplifications, 
and  then 

,b)  simultaneously  suastituting  for  all  the  innermost  nrrnrrpnr^B 
of  F . 

THEOREM  t,  : (standard  computation).  For  a monotonical 1 y structured 

Recursive  definition, the  partial  function  over  D computed  by  using  the  standard 

computation  is  the  least  weal;  fixpoint  of  the  recursive  definition. 

Notice  that,  iron  Theorems  1 and  • , it  follows  that  for  a 
monotonically  structured  recursive  definition,  the  least  strong  fixpoint 
i.T  an  extension  of  the  least  weak  fixpoint.  Actually,  there  are  examples 
for  which  the  least  strong  iixpoint  is  strictly  more  defined  tlien  the  least 
weak  fixpoint.  (Example  < y)  of  Section  1.2  is  one  such.  This  example  is 
from  Morris  fl  )*/;)).  The  full  computation  uses  call  by  name  whereas  the  standard 
computation  uses  call  by  value;  it  is  usually  assumed  in  software  discussion  that, 
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in  the  absence  of  side  effects,  the  use  of  call  by  name  versus  the  use  of  call  by 
value  affects  the  rate,  but  not  the  existence,  of  convergence:  it  follows  from 
the  above  discussion  that  this  is  not  true. 

1.7 *3  Safe  Innermost  Computations 

The  standard  computation  is  interesting  for  theoretical  purposes, 
but  it  is  by  no  means  the  only  computation  rule  which  yields  the  least  defined 
weak  fixpoint.  In  fact,  it  is  shown  in  Chapter  5 that; 

THEOREM  7 : (safe  innermost  computation).  For  a monotonically  structured 

r_ecursive  definition,  any  partial  function  over  D computed  using  safe 
innermost  computation  is  the  least  weak  fixpoint  of  the  recursive 
definition . 


A safe  innermost  computation  of  a(F,x)  for  x = x , is  any 
sequence  of  terms  such  that  is  j'F,Xq)  and  is  obtained  from 

by: 

(a)  first  performing  a set  of  safe  simplifications  (see  below), 
'b)  performing  safe  innermost  substitutions. 

A set  of  safe  simplifications  consists  of  the  set  of  standard 
simpli fication.s  See  paragraph  l.'’.l)  augmented  by  rules  of  the  form: 

g A^  ,A A^j  . B 

where  : 


a)  the  A. 's  are  either  individual  constants  or  term  variable: 


'not  nece-  sarily  all  distinct); 


B is  an  which  is  a term  vatiable; 

I y y / 

the  equality  g x^  , . . . ,x^)  y,  where  g ' is  a regular  “'exteiisi 

of  g,  holds  for  a^  possible  values  of  the  n+1  -tuple 

^ + 

. . .,x^,y>  over  A such  that: 


on 


(i) 


,x^--  belongs  to  the  domain  of  g' 


The  case  in  which  B is  an  individual  constan."  is  redundant  because  one  can 
show  that  the  corresponding  rule  must  already  be  in  the  set  of  standard 
.simplifications  . 

— 'k  regular  extension  of  a monotonic  given  function  g is  a function  g'  such  that* 

1)  V E € Dom(g),  g'(E)  ^ g (E) 

2)  Dom(g')  = Dom(g)  U f e (a  )"  | E<^  and  -n  g Dorn  (g)} 

3)  g'  is  monotonic. 

See  Chapter  5,  paragraph  5.5*^  • for  details 
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(il)  For  every  1,  1 i <;  n: 

if  A.  is  a constant  a.,  then  x.  = a. 

1 1 1 ~1 

if  A.  and  A.  are  the  same  term  variable, 

I J 

then  X . = X . . 

1 ,) 

(lii)  If  f5  is  the  term  variable  A.,  then  y = x,. 

Note  that  there  is  no  need  that  all  possible  rules  satisfying 
these  requirements  will  be  in  a particular  set  of  safe  simplifications.  In 
other  words,  one  is  free  to  pick  none,  some  or  all  of  these  rules  to  augment 
the  set  of  standard  simplifications. 

The  safe  innermost  substitutions  are  innermost  substitutions 
performed  on  certain  key  positions.  To  define  these  positions,  we  first  need 
to  define  the  of  a base  function  g;  an  x'Set  of  a base  function  g 

In  a te”i  g(a,  ,...,>  is  a set  o:  argument  p''sitioas  such  that  il  all  are  un- 

defined  in  the  set,  tiie  corresponding  value  ol  g is  undelincd.  More  formally, 
it  is  any  subset  I of  '1,  , . , . ,n>  such  that,  ior  eveiy  if  1,  is  not  a constant, 

and  the  equation:  K Xp...,x^  j, 

holds  for  every  n-tuple  x j,...,x^  in  th'*  domain  of  g such  that: 

tor  every’  i € 1,  and: 

for  every  i,  1 •'  i n,  such  that  v.  is  a 

constant  a.,  x.  takes  its  value  a,. 

..,1  1 1 

Example . In  the  term;  if  pO'.x  then  g F,x)  else  h F,x). 
the  sequential  ' i f -then-e  1 se  ' connective  has  five 
nl,  fl,2l,  ri,j],  ri,f,^l;  the  parallel  ' i f-then-el  se ' 

connective  has  only  four  x"‘’ets:  *^l,e],  ^2,^},  {1,1,-'.]. 

Now  the  key  positions  in  a term  a where  safe  innermost  substitutions 
may  be  performed,  can  be  determined  Inductively  in  the  following  way: 

(a)  if  a = , c or  x,  there  is  no  substitution  to  perform; 

(h)  ~ CTj  ,crp  I • • • »nrn ) « then  simultaneously  perform  the 
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substitutions  in  the  key  positions  in  for  all  i€l, 
where  I is  any  i^j-set  of  g in  q.  (note  that  this  is  a non- 
der  emiiui  St  i t process^; 

c)  if  a “ we  distinguish  between  two  cases: 

i ' if  o contains  K,  tlien  perform  the  substitutions 
in  tlie  key  positions  in  P; 

(ii)  if  7 is  an  individual  constant  then  substitute  fF.pl  for 
F(  c'  . 

The  intuitive  idea  behind  tiiis  is  quite  simple;  because  the  ij^;-scts 
of  a given  function  g indicate  positions  such  that  when  they  are  undefined 
the  whole  function  becomes  undefined,  "in-depth  ’ computing  within  these 
positions  sliould  be  safe  --  i.e.,  computations  of  these  arguments  must 
eventually  terminate  ’i  th ' computation  of  tlie  whole  function  is  to  terminate. 

The  'sequential'  and  'parallel'  computation  rules  of  Manna  and 
McCarthy  (1/70'  are  safe  innermost  computations  for  the  recursive  definitions 
that  these  authors  consider. 

1 . P Pitfall  Computations 

In  this  section,  we  discuss  several  examples  of  'recursive  definitions' 
and/or  computations  which  do  not  satisfy  the  sufficient  conditions  of 
Sections  l.h  and  1.7> 

Example  1 . Consider  the  recursive  definition 

F^x)  •'=  F('x)+1 

over  the  integers. 

For  any  integer,  the  standard  computation  of  F^^n)  using  this  definition  is 

F(n)  -*FCn)+l  -*  F(n)+2  -».... 

which  never  terminates. 

It  follows  that  the  computed  function  for  this  recursive  definition  is  Q, 
the  totally  undefined  function.  For  q to  be  a flxpoint  of  the  recursive 
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definition,  it  is  however  necessary  that  oj  “ yj  +1 ; if  we  had 

^ ou  then  would  not  be  monotonic,  which  would  violate  the  general 
requirement  of  Section  l.(  . 

Example  2:  Lei  us  consider  the  following  recursive  definition: 

K(x'  ■ '=  (if  X = 0 then  0 else  F(x-1  ''F(x+1)) 

over  the  integers. 

If  is  defined  so  that  0*x'  = ia*0  x and  ' i f-then 'else  ' is 

the  sequential  conditional  connective,  the  partial  function  computed  using 
the  standard  rule  is: 

' 0 if  n = 0 

t'n)  = 'I 

X otherwise. 

it(n)  is  a fixpoint  over  I)  of  the  recursive  definition,  in  ac  ordance 
with  the  results  of  Section  1.7* 

Now  let  us  modify  so  that  O'x  C)»  ^nd  cons.der  several 

different  computation  rules: 

^a)  If  we  still  compute  using  the  same  rule  as  above  (i.e.,  without 
simplification  by  O',  then  we  again  obtain  t(n),  which  is  no  longer  a • 
weak  fixpoint  of  the  equation.  In  this  case,  is  still  monotonic,  but 

we  have  violated  the  conditions  of  our  standard  computation  of  Section  1 -7 . 
Since  the  equation: 

£ 0 

holds,  we  should  have  used  the  simplification  rules: 

O'A  -»  0 and  A*0  -♦  0 

If  we  use  these  rules,  and  if  we  perform  the  substitutions  in  parallel, 
the  computation  becomes  a standard  computation,  and  we  obtain  the  function: 

cp(n)  = 0 (for  all  n) 

which  is  the  least  defined  weak  fixpoint  of  the  recursive  definition. 

''b)  However,  if  we  use  the  "leftmost  innermost"  substitution  rule, 
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with  the  above  simplification  rules  0*A  -+ 0 and  A^'0  -•  , we  obtain  the 

1 unc  t i on  ; 

[ i * _ 

■ 

I X'  otherwise 

wliich  is  not  a wi'ak  lixpoint  of  the  equation.  Tlii.s  mctliod  of  substitution, 
however,  is  not  a sale  i!uiermo.st  substitution  according  to  Section  1.’, 
since  tlio  otilv  i - set  of  in  this  case  is  1 , } , whicli  requires  that 

substitutions  be  performed  on  both  positions. 

\ ' 

Example  Consider  the  recursive  dtiinition: 

! X •=  if  i then  F >:}  else 

where  the  conditional  coiuitctive  is  the  parallel  ' i f -tlien-e  1 se  . 

i lie  partial  lunction  computed  by  any  of  the  metliods  of  Section  1. 
will  lead  to  the  undefined  function.  liowi’ver,  . is  not  a lixptunt  of  the 
'recursive  defiaitit'n'  ,si  nee  for  every  x,  , whereas: 

,x  it  X ■ then  xj  else 

= ill  then  x else  ^ 

In  this  case,  - F,;-;  docs  not  satisfy  the  requirements  ol  Section  1 .■ 
since  is  not  monotonic. 

There  is  one  w.av  to  get  around  thi  --  in  this  particular  case  --  which 
is  the  following;  consider  rf^F.x  to  be:  g(F  x).0),  where  g y,zl  = if 

V - X then  y else  x . Now  it  can  be  checked  that  g i_s  monotonic  and  verifies 
the  identity: 

Vy,x  : g y 

There  lore,  g,  has  the  'safe'  simplification  rule 
g A, 3)  . 3 


according  to  Sciction 


Hence  the  computation  step 

y K x),.!)  . 

is  now  lej^al  , and  leads  to  the  le.ist  defined  fixpoint  over  D of  the 
equation,  which  is  the  constant  lunction  always  equal  to  0. 
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2.1  Introduction 


In  this  chapter,  we  i>resent  the  syntax  and  tlie  semantics  t)l  our  model 
of  recursive  definitions'.  We  give  formal  definitions  of  the  concepts  of 
fixpoints  and  c:»nputeci  functions  o‘  such  'recursive  definitions'. 

..  .2  Syntax 

..2.1  Alphabet 

An  alphabet,  denoted  A K,x  , i.s  a collection  of  symbols  par- 
titioned in  the  following  way: 

i)  There  are  n s\inbols,  denoted  "j  * I r.  i •"  n,  which  are  called 

Individual  variabUs.  We  denote-  the  n-tuple  ''x,  , x. x v 

I y n 

by  X. 

(ii)  rhere  is  one  symbol,  denoted  F,  which  is  called  function  variable, 
(iii  There  is  a non-empty  .set  C of  symbols  called  constant  symbols. 

iv  There  is  one  special  smbol,  denoted  which  is  called  the  unde- 

fined symbol . 

V The  other  symbols  are  called  given  function  symbols.  The  set  of 
given  function  s>Tnbols  is  partitioned  into  classes  Gp  , . . . , G 
where,  for  every  positive  integer  p,  the  elements  of  Cp  are  called 
tlie  p-ary  given  lunction  symbols.  Some  or  all  the  G 's  may  be  empty 
The  symbols  (iii ),  iv),  v are  denoted  by  small  letters  with  an 
underline  ~ : a,  j3,  c,  . . . for  the  constants,  ^ for  the  undefined 
sy,Tnbol,  Jh,  J<,  . . . foi  the  functions. 

At  this  point,  we  emphasize  that  the  elements  in  the  alphabet  are- 
just  symbols,  and  do  not  have  any  meanings  as  variables  or  functions  of 
some  sort,  in  spite  of  the  way  they  are  called. 

2.2.2  Terms 

The  terms  over  an  alphabet  are  defined  inductively  in  the  following 

way : 


^0 


(i) 

The  individual  variables  , 

for  1 

<:  i ■?:  n. 

arc  terms. 

(ii^ 

The  constants  in  C are  terms. 

(iii) 

^ is  a term. 

(iv'' 

For  every  p 0,  and  every 

"p 

if 

.^2’..,Tp  are 

terms,  then  g ti  , 

) is  a 

term. 

(v) 

If  , . . . , - are  terms, 

1 11 

F(tj  , • . 

. , " is 

n ' 

a tenn. 

(M) 

There  ar<  no  other  terms  than 

those 

which  can 

be  obtained  from 

(l),  Ui'  and  (iii'  by  a finite  number  of  applications  of  (iv) 
and  (v). 

For  example,  if  c e C,  e ^ ^2*  n = 1, 

g2(8j^(F'(x)).g2(c,^))  is  a term. 

Terms  arc  usually  denoted  by  greck  letters  0,.»»  ct»  » Sometimes, 

when  we  wish  to  emphasize  the  variables  of  the  alphabet,  we  denote  the  terms 
2k(F|X)j  etc...  . 

For  proving  properties  of  terms,  we  will  frequently  use  what  is  known 
as  the  principle  of  structural  induction,  which  is  valid  here  because  of 
the  extronal  clause  vi).  It  is  a special  case  of  Noetherian  induction 
(see  Cohn  (I9f.5))and  has  been  discussed  thoroughly  in  Burstall  (I969).  Let 
us  briefly  recall  here  some  of  the  relevant  notations  and  facts. 

We  define  an  ordering  relation  between  the  terms  over  an  alphabet 
in  the  following  obvious  way,  by  first  defining  the  ’’immediate  subterm 
relation : 

Definition  A term  rj  is  an  immediate  subterm  of  a terra  g if  and 
only  if; 


(i)  B = 8 ) for  some  p > C,  some  g £ Gp 

- t D ~ 


and 


or  - T, 


for  some  i,  1 5;  i < p» 

or:  (ii)  B “ and  o = for  some  i,  1 « i s n. 
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Definition  Tlie  "proper  subterm"  relation  Is  the  transitive  'non  reflexive) 
closure  of  tlie  "immediate  sul)term"  relation. 

The  "propi'r  subterm"  relation  is  a (strict  ordering  relation  between 
terms,  in  wliich  every  decreasing  chain  has  a minimal  element  ''because  of 
the  extremal  clause  . vi  . Structural  induction  is  tlierefore  a valid 

principle  over  tlie  set  >f  terms  structured  by  tlie  "proper  subterm"  re- 
lation, i.e.,  to  prove  that  a projierty  1 holds  for  every  teim,  it  is 


sufficient  to 

show 

that  : 

Tor 

every 

i. 

1 c 

i ^ n,  'r(x  . ) . 

1 

^ii 

For 

every 

c C 

c. 

• C / . 

iii  ' 

• ' X 

). 

^iv) 

For 

every 

P • 

c, 

for  every  p-tuple  of 

terms  , 

• • • j X • dnd 

P 

for 

every 

g c 

S' 

if  ■ ' " ’ 

and . . .and 

'•  ( - ) , then 
P 

- g 

'l  ’ • 

■ ' ’"p 

• 

V 

For 

everv 

n-tuple 

>f  terms 

if 

and  ' ) < 

and 

n 

then 

' yf  ~ - r 

i-  p..., 

2,c:.'-  Substitutions 

Substituting  a term  , for  a term  a in  a term  - can  yield  different  re- 
sults according  to  which  and  hcjw  many  occurrences  of  - in  - are  substituted 
for.  Let  S^  - denote  the  set  if  all  possible  erms  obtained  by  replacing 
3 by  y in  -.  by  convention,  it  will  contain  t itself  corresponding  to 
substitution  of  ry  for  no  occurrence  »l  g in  t can  be  defined  in- 

ductively in  an  obvious  way: 

a if  a.  = - , then  t = fc/,T]  : 
b ; otherwise  a ^ •*) : 

b-i  ' - biii)  if  - is  an  individual  variable  x.,  1 i , n, 
or  if  - is  a constant  in  C,  or  if  t is  y,,  then:  t = <‘•'1. 

Q • 

(b-ivj  if  ^1,  then: 


•'^p  I ^1  B 1 p e P' 


(b-v''  if  - F(t  ..,t  V 
I n 


then ; 


s“  T * f F(ai...  ,^)  1 Cl  € S“  Tj,...,a„  e s"  tJ  . 


B 


B 


Remark  Such  an  inductive  definition  defines  uniquely  the  set  t for 

6 


any  triple  of  terms  o,  g,  as  can  be  shown  rigorously  by  structural  in- 
duction on  T«  The  detailed  proof  is  left  to  the  reader.  We  will  very  often 
use  similar  inductive  definitions  in  the  remainder  of  this  work,  without  proving 
that  such  definitions  irdeed  uniquely  define  what  they  are  supposed  to: 
the  proof  is  generally  trivial  by  structural  induction. 


2 Semantics 

In  this  section  we  define  the  semantics  of  our  system,  that  is  we  define 
interpretations  of  the  alphabet  and  of  the  terms. 

2.3*1  Interpretation  of  an  alphabet 

An  interpretation  of  an  alphabet  consists  of: 

''a}  A non. empty  domain  together  with  a 1-1  mapping  of  C (the 

set  of  constants  of  the  alphabet)  onto  If  ^ is  r constant 
in  C,  we  denote  its  image  in  i by  this  mapping  by  c,  and  we 
call  c the  value  of  Conversely  £ can  be  thought  of  as  the 
name  of  c.  The  constraint  for  the  mapping  to  be  onto  implies 
that  I C 1 = I A 1 3nd  says  that  every  element  of  A ^las  a name, 
which  will  be  convenient  later. 

'b)  An  element  x not  in  A»  which  may  be  thought  of  as  the  'undefined' 
value  (i.e.  the  value  of  the  'undefined  symbol'  ^j) . 

'c)  A subset  D of  A*  The  motivation  for  introducing  D has  been  given 
in  the  general  discussion,  " 1.J.2). 

'd)  For  every  p 2 1 and  for  every  g € C , the  interpretation  ( or  value) 

P 


of  g will  be  a mapping  g of  a non  empty  subset  of  (a^)^, 

+ ■)(  / 

called  Dom'g\  into  a • These  mappings  g are  actually  the 
base  functions  (or  given  functions)  of  the  interpretation.  We 
refer  the  reader  to  the  discussion  in  " l.ji.2.  of  these  base 
functions,  and  to  the  definition  of  the  sequential  and  parallel 
'if  ...  tlien  ...  else'  as  examples  of  such  functions. 

Note  that  an  element  of  the  alphabet  is  represented  by  an 
underlined  letter,  whereas  its  interpretation  is  represented  by  the 
same  letter  without  underline.  We  will  omit  the  underline  whenever  no 
confusion  can  arise.  For  example,  according  to  our  notations,  the  correct 
way  of  writing  the  t< rm  used  in  the  familiar  ’ ecursive  definition  of  the 
factorial  over  the  integers  is: 

if  X 0 then  1 else  x ‘ F(x  - 1'. 


One  adequate  interpretation  is  the  following: 

fhe  domain  D is  the  set  of  integers,  the  doraain  A is  D ij  [T,F}. 
Thus  -J,  0,  1,  T are  constant  symbols,  for  example,  and  -3j  0,  1,  T 
are  their  values. 

Given  Functions  Symbols:  Interpretation: 


if  ...  then  . . . else 


The  sequential  'if  ...  then  ...  else  ...' 
defined  in  " 1.'}.2. 

+ 2 

The  equality  predicate  over  D ) . 

+ 2 

The  multiplication  ^ defined  over  (l)  ) by: 

V x,yrl>,  x*'y  is  the  usual  product  of  x by  y, 


” xCD, 


x ' U'-  - rx  ’ X ■-  uu  X U) 


+ v2 


the  subtraction  - defined  over  ) by: 
■f  x,y€D,  X - y is  tlie  usual  subtraction 


^Recall  that,  for  any  set  S,  we  denote  S <J  fx}  hy  S 


of  y from  x 


^x£D,  (D“X 

When  we  do  not  wish  to  emphasize  the  distinction  jetween  syntactic 
terms  and  their  values,  we  simply  write  the  sar..o  term: 
if  X * 0 then  1 else  x * Ffx  - 1) 

2.^.2.  Evaluation  of  terms 

Interprotations  of  the  alphabet  leave  F and  the  x^'s  free.  If  we 
supply  some  "value"  to  the  functional  variable  F,  as  a partial  function 

over  some  domain,  and  some  "values"  to  the  individual  variables  x^'s, 

* / 

it  becomes  possible  to  evaluate  the  terms  — ' over  an  alphabet  A(F,3f). 

More  precisely,  there  are  two  natural  ways  of  specifying  F ; 

(a) 

(b) 


One  way  is  to  specify  F as  a partial  function  of  into  D (i.e. 
a mapping  of  d"  into  d"*^)  . 

The  other  is  to  specify  F as  a partial  function  of  into 

D ^'i.e.  a mapping  of  (D  ) into  D ) 


^ Here  and  in  most  places  throughout  this  work,  we  use  the  word  "term" 
to  mean  "interpreted  term",  as  there  is  usually  no  possible  confusion. 

See  Appendix  I for  a presentation  of  tiie  main  results  regarding 
partial  functions.  Here  are  some  definitions  and  notations  that  will 
be  used  throughout  this  work: 

A partia^  function  of  a domain  S into  a range  R is  a mapping 
of  S into  R . We  denote  the  set  of  such  partial  functions 
pf  (S  K). 

For  convenience,  we  abbreviate  the  set  of  partial  functions  of 
d"  into  D,  pf(o"  ->D),  by  pf  (d),  and  the  set  of  partial 
functions  of  into  [),  pf^  'D"^)"  ->  D)  , by  )• 
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In  both  cases,  can  be  specified  as  an  element  of 
^ + U fd],  where  d is  an  element  not  in  ^ and  f (The  meaning  of  d is 
discussed  below.  There  are  technical  reasons,  which  will  be  apparent  in  some 

proofs  later  on.  why  one  wants  to  define  the  evaluation  of  terms  for  x 's 

. + , 

outside  D 

Corresponding  to  these  two  ways  of  specifying  the  variables, 
there  are  two  ways  of  evaluating  a tem.  which  yield  what  we  call, respectively , 
the  weak  value  and  the  strong  value  of  the  term: 

the  weak  value  of  a term  t - t^F.x)  for  F = f € Pfj^(o)  and 
X • f C (a  U fdl)"  is  an  element  of  a + U fd],  denoted  „hich  is  defined 

inductively  as  follows: 


(i) 

If  - 

(ii) 

if  T = c, 

' - c 

fiii) 

if  ' = X. 

(iv) 

if  - = g ( 

- if  the  vector  "r  ' f ,F ) , . . . f,*’'  -does 

I - p 

not  belong  to  Dorn  g then  'r'f,'?  Ed; 

- otheivisc,  - f,f  g f,T  

v")  i f -^  = F -r  . . . , - ' then: 

1 n 


if  the  vector  - - f,=’) t ([,-}  does  not  belong  to 

^ n 

I 

''D  ) then7(f,T)  d; 

otherwise,  if  for  some  i,  1 ' i 5 n , T^ff.r)  = 
then  7(f,F) 


U) 


■ otherwise  7^  f,F)  f(7^(f,?) 7„(f,F)). 

Again,  as  indicated  in  ^ 2.2.4,  an  easy  proof  by  structural 
induction  shows  that  fi)  - (v)  uniquely  def ine  "rf f , ^)  for 


any  term  t,  any  f e pfj^(D)  and  any  5 e(A"^U  {d})". 

Note  that  the  'd ' symbol  that  we  introduce  here  corresponds 
to  a 'don't  care'  condition,  or,  better,  an  'error  message' 
reported  by  the  evaluation  mechanism.  It  has  a very 
different  intuitive  meaning  from  the  'uj'  symbol  which 
corresponds  to  a loop. 

(b)  The  strong  value  of  a term  t(F,x^  for 

F = f G pf^'D^)  and  x = F {d})'’  is  an  element 

of  ^ + '!  fd“\,  denoted  T(fiF),  which  is  defined 

inductively  as  follows: 

f i ) - f iv)  as  in  (a)  "y 

(v)  if  T = F(t,,...,t  ) then: 

\ ' 1’  n' 

- if  the  vector  <*?,(f,F) “r  (f,f)>does  not  belong  to 

t - n ' 

then  ^(f,P^  = d ; 

- otherwise,  f 

The  only  difference  between  the  two  evaluations  resides  in  the 
evaluation  of  tenr  of  the  fomi  F( . ,t^) . In  the  weak  evaluation,  since 
f is  a mapping  of  Ij"  into  obvious  meaning  if  one 

of  the  Fj^'s  is  ,j).  The  solution  adopted  in  a-(v)  is  to  arbitrarily  set 
f(F^,...  , p ) = fjLi  whenever  one  or  more  of  the  arguments  is  uj.  In  the 
strong  evaluation  such  a problem  does  not  arise,  since  f is  specified 
as  a mapping  of  into  D^,  and  therefore  known  for 

all  combinations  of  undefined  arguments.  Paragraph  L.-.5  will  discuss  the 
relations  between  the  two  kinds  of  evaluations. 

We  will  use  later  the  concepts  of  correct  and  compatible  terms. 

Definition : A term  t <!F,x)  is  correct  iff: 


In  other  words,  the  strong  values  of  ^ always  belong  to 
Notice  that  every  subterm  of  correct  term  is  correct. 

Definition . A t e rm  t ( F , x ) is  com pat ible  iff: 

V?,  -f.;  c D^ 

In  other  words  the  strong  vabies  of  ^ always  bel  )rig  t . i/, 

2 • 3 • > Functionals  associated  with  a term . 

Let  - be  a correct  term,  as  defined  in  the  previous  section, 
corresponding  to  the  two  ways  of  evaluating  there  are  two  functionals 
that  can  be  associated  with 

fa) 

Corresponding  to  the  weak  evaluation  we  associate  a 
functional,  denoted  which  maps  any  partial  function 
f ^ Pfj^  D into  a partial  function  - fl  r pffp"  j\) 


defined  by: 


f C D 


ff]  = -(f,; 


Corresponding  to  the  str  mg  evaluation  we  assx  iate  a 
functional,  denoted  which  maps  any  partial  function 


. -1 . 


f : D into  a partial  function  ^ i f r pf'ip'*')" 


defined  by: 


V ? C 'd')"  : r f]  'Z)  = _ 

If.  in  addition,  t is  compatible,  then  ^ is  a functional  over 

n.e.  a„app„.s„rpyL)  into  pf^fD) ),  and  1,  a tnnctlonnl 

over  pf  ). 
n 


tO  when  T is  correct  comes  from  the 


L'  The  fact  that  r [ f ] g pf  fi/ 
fact  that  T correct  implies; 

for  any  f e pf  fo),  for  any  ? e f rl  p ar 

2. 3. 5.1.  below.  " ^ s . T[i,F)  e ^ , and  from  Lemma 


^>8 


' Recurs Ivi'  uc  f init.  i jus  ' and  their  l iyp  ii'Us. 

We  call  'lecursive  delinition'  an  < -.pressi  'ii  of  t !u  form 
^ X " 1’ , X ' 

whore  - !• , >.  is  'inv  ompatiblo  tenn,  as  JefL  ii’d  i i Paragraph  2.3»2. 

Corresponding  to  the  two  functionals  associated  with  one 

cair  define  two  different  classes  of  fixpoiiits  of  a 'recursive 
definition' ; 

a A partial  function  f in  pf^(D)  is  a weak  fixpoint  of 

the  recursive  definition'  F^x)  <=  '(K,x  iff  it  is  a 
fixpoint  of  , i . e . : V d”  1 f f * “■  • 

b A partial  function  f in  is  a strong  fixpoint  of 

the  'recursive  dolinition  F x,  <*  t^F,x]  iff  it  is  a {i^pojtlt  9 

i.e.:  V ' C 1)“^  f ^ = ’?(f.')  . 

Th(  following  section  discusses  in  particular  relations  between 
the  two  kinds  of  fixpoints. 

p . / . 5 Relations  betwt  on  the  two  types  of  evaluations  and  .‘ixpoints  . 

Let  us  denote  by  f^  the  natural  extension  of  a partial  function 
f c pf^'D),  i.e.  is  defined  by: 

j V ? C : f'*^(f)  = f(f 

( V T D)":f^  ?)  = -X  • 

Then  wc  have  : 


L.emma : K >r  every  partial  function  f C pf  Oj),  for  every 

n 

P C D*^,  foi  every  term  ' F,x  : 
nf  J ^ ^ f".?,  . 

Proof : By  structural  Induction  on 

vi;  - iii)  - - x^,  - - c,  r = X'  : trivial. 

'tv)  T = g ^ • • * • » "Tp  • By  induction  hypothesis,  the  vectors 
^ and  ( f , ^ ) , . , . (f  ,"?)  •'are  equal. 

Hence  if  they  do  not  belong  to  Dorn  g » ' ^(f"^,?)  = d, 

and  if  they  do: 


~ f,^)  - K .....r  f,-  ' 

^ P 


f .^)  . 


Again  by  induction  hypothesis,  the  vectors 


i,f ),...,  f,^' 


and 


^1  • 


+ _ 


are  equal.  If  tliey  do  not  belong  to  then 


~'f,?)  d. 

If  they  do,  tlien  two  cases  arise: 


1) 

Tor  some  i,  1 ^ i < n. 

i 

f\r-  ^ X • 

Then 

*3?  f"*^  T = *5?  f^  Tl 

• • ’ 11 

>r  ^ ) 

definition 

of  T 

^ % 

definition 

+ 

of  f 

definition 

of  ~ 

Tor  over\  i,  1 s i < n , 


Ul  • 


- f.T'  ^ f\f  i 


Then  f ’n  ^ have: 


,7'  - ^(f'^.'f) 

f 

= f ~^(f.f),....  f.’'; 

= ~(f.?) 


definition  of  ~ 

4* 

definition  of  f 
Induction  hypothesis 
definition  of  > 


However  there  is  in  general  no  interesting  relation  between  the 
fixpoints  of  and  the  fixpoints  of  -t  as  we  show  below- 
2.3  .^.£i  A recursive  definition*  can  have  a w«‘ak  fixp>int  and  no  strong 
f ixpoint . 


g = 


Kxample:  i.et  us  take,  Ffx)  •=  t(F,x)  wh.  re  t(F,x)  = g^F(uj)). 

rs-- 

Interpretation:  D = = f integers! 

('g'- ' ~ a if  P € D 
^g(a)  - 1 • 

Now  f C pf  h , defined  by:  v F c l>,f(>)  1,  is  a f ixpoint 

of  hence  a weak  tixpoint  of  the  'recursive  definition'. 

However,  this  'recursive  definition  has  no  strong  fixpoint,  for 

+ 


suppose  (5  € pfi'D 


is  such  a fixpoint.  Then; 


V P € D 'f 

- • 

Hence,  we  have:  c*'X/  ~ g cpfx/)  • 

Now  if  cD^u))  = (ju  wo  get  y3(u))  s g(x)  = 1 


definition  of  a strong  fixpoint 

6 2.3.2  (b) 


contradiction  ; 


if  cc'^x)  ^ X '»f  get  cp((ju)  X 


contradiction 


2. 5 *5 *3  Conversely,  a recursive  definition  can  have  a strong  fixpoint 


and  no  weak  fixpoint. 


Kxaraplc;  Let  us  consider  F(x)  • = TfK,x\  where: 


■li’.x  -hfF(^,Fix)) 


Interpretation : D - ^ - f non  negative  integers}.  Let  Dom(h)  = x D , 


( uj  • 'i'  ^ ~ C 

= (U  if  !=•  e D 
h(p,T)  3 0 otlierwise. 

Then,  ^ e pfCo"^)  defined  by:  V C [/,  = 0 is 


a fixpoint  of  ^ , since: 


h(0,0) 


r 2. 3. 2 (b) 

definition  of 
definition  of  h 


definition  of 


However,  this  ‘recursive  definition"  has  no  weak  fixpoint  for 


suppose  ^Ir  £ pf(d)  is  such  a fixpoint.  Then: 


V f € D,  i/i%)  3 hfa','lr(^))  " 2.5.2  (a)  . 

■ if  ju,  then  (u  = h(a;,x'  C: contradiction  ; 

“ if  '!'(’■)  - i'  then  = x I contradiction  . 


2 . 5 . 5 Finally,  a 'recursive  definition'  can  have  a weak  fixpoint 

and  a strong  fixpoint  which  agree  nowhere  on  D,  although 
they  are  both  completely  defined  on  D. 

Ex:  Let  us  consider  the  'recursive  definitiorf  F(x)  <=  t(F,x), 

where  t(^F,x)  = ^<(F'(ij))f  with  the  following  interpretation: 

D = ^ = (integers}.  Let  Dom(k)  » D , 


1 


w 


0  H'  F ^1) 

1  . 

Now  the  only  fixpoint  of  ~ is  pf  U defined  bv : 

V ^ C i),  ...  I , 

and  the  only  fixpotju  of  ^ is  ,,  c Pl  1>'  defined  by: 

1 

V ? r M r 

^ ♦ • 


k = 


k =• 


Thus,  even  thuiiy.fi  the  definitions  of  and  ^ appear  to  be  quite 
simi*ar,  the  functionals  t and  ~ sometimes  behave  quite  differently. 

In  the  next  section  we  define*  the  cemputations  oi  a 'recursive 
definition. 

2  Canputat  ions 

Computations  of  'recursive  definitions'  have  been  discussed  in  § 1.1+ .2. 
We  will  j»ive  here  more  formal  model. 

2 .1  Notations  . 

We  first  need  to  define  the  notation  » 1'.?  wher<  1 is  a short 
notation  for  an  r-tuple  .f  t . nns  - • • • . 6^  . Inlormally, 

Q 1,B)  is  the  term  obtained  bv  substituting  x.  by  g.  for  all 

occurrences  of  >;,  in  r,  e,x  , for  every  i,  1 • i s n. 

Formally,  orl  1 , - can  bt  defined  by  structural  induction  in  the 
obvious  way: 


^i) 

if 

O = X . . 

j 

1 c i c n,  then:  q,  F,  g)  = g^ 

'•ii) 

if 

y a r 

C i.e.  constant  term),  then:  rj, 

iiij 

if 

y ~ 

then  ; c/  F,g)  = ; 

<"V4 

iv: 

if 

cr  “ 8 O'! 

>0  j 1 • • • .O'- ^ » with  g c G , then: 
P ~ p 

O'  I . “ 

i »"5)  . • • • . CCpC  F , B ) ) \ 

(v)  if  Q,  = then: 

»(FiP)  = F(ofj(F,B) o^(F,b)). 

A frequent  case  is  when  p is  an  n-tuple  of  constants,  i.e. 

~ • with  c^  c D , for  every  i,  1 c.  i £ n. 

In  this  case,  we  denote  c = <c, c > and  a(F,c)  is  defined  as 

above  with  c = g. 

2.4.2.  Computations  of  fy(F.x')  for  x = c 

Definition : An  elementary  computation  of  a term  o(F,x)  over  some 

interpreted  alphabet,  for  x = c c (D  } , using  a 'recursive  definition' 
F(x)  <=  t(F,x),  is  a sequence  of  terms  fc^^,  i ^ 0}  such  that: 

(a^  a ~ cv(F,c)  as  defined  in  2.4.1, 

(b)  For  every  i ? 0, 

^ B _ W 

- either  (bl):  ^ ^ V free  of  x, 

and  the  equation: 

B f,  ) v(f*  ) holds  for  every  f € * 


/ s^' 

U The  notation  has  been  defined  in  ? 2.2.4,  and  the  notation 

t(F,p)  in  >'2.4.1. 

A term  p is  said  to  be  free  of  x if  it  contains  no  instances  of  x^ , 
for  any  j,  1 s j <n.  Therefore,  if  v is  a subterra  of  it  is  obviously 
free  of  x. 

If  a terra  p is  free  of  x,  ’^(f,r)  does  not  depend  on  i,  and  we  denote 
it  by  'Cr(f,  );  similarly  'o  f.p)  does  not  depend  on  ?,  and  we  denote  it  by 

'S(f.  ). 
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'O',  a' 


or  b.  ; n,  , G S ^ 

-'i+1  y{pj 


Definition : A computation  of  a term  a' ¥ ,x)  over  some 

interpreted  alphabet.  for  x = c gCd"^)",  using  a ‘recursive 
definition  F(xl  = t(K,x),  is  any  sequence  of  terms  | i S 0} 

which  is  a subsequence  ol  an  elementary  computation 

^ B j I j ^ 0^  of  QfCfix),  for  X = c using  the  same  recursive 

definition,  and  such  that  cy  = p . 

o o 


2 • 3'  Terminating  computations . 

Let  F,x)  be  a term  over  scmie  interpreted  alphabet  and  a € A 
be  a constant.  A computation  f^. , i > o)  of  ^ is  said  to  terminate 

— n.  n - C such  that  „ » a.  A computation 

(»;.  1 ? O’.  Of  , is  said  to  tomlnato  if  there  is  an  a e i such  that 
the  computation  terminates  with  a.  Note  that  a is  forbidden  to  be  «) . 


J By  that,  we  mean  that  there  is  a mapping  s of  the  nonnegative  integers 
into  the  nonnegative  integers  such  that; 


(b)  for  all  i , j ? 0 ; i .o  j t,  s^i)  s.' j)  . 

The  purpose  of  introducing  these  subsequences  is  to  allow  one  to  "skip  steps" 
during  a computation,  or  replace  some  term  e by  b if  a computation  of  b 
is  knovm  to  terminate  with  b,  for  example  from  previous  computations. 

I Terminating  computations  are"  defined  in  r 
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Conhients : Notice  that  according  to  our  definition,  a computation  can 

"terminate"  and  be  infinite  at  the  same  time.  (In  fact, 
technically,  all  computations  are  infinite).  The  point  is 
that,  for  terminating  computations,  only  a finite  initial 
subs  ((uence  is  considered  significant. 

2.4.1*  Computed  functions. 

As  emphasized  in  Chapter  1 there  are  usually  many  possible  compu- 
tations for  a term.  Computed  functions  of  a 'recursive  definition'  are 
defined  by  considering  all  possible  computations  of  F(x)  for  x ranging 
through  d"  or  D )".  Let  x be  fixed  to  some  c in  or  Then 

it  is  possible  to  associate  values  to  every  computation  of  F(x)  for 
X being  F;  If  the  computation  does  not  terminate,  then  the  associated 
value  is  -x.  If  the  cemputation  terminates  with  a € c,  then  an  associated 

PS,/ 

value  is  a.  Note  that,  so  far,  there  might  be  several  values  associated 

to  a given  computation^ . A computed  function  is  defined  as  being 
any  partial  function  (in  pf^'D)  or  pf^^,;/))  mapping  F (in  p"  or 

(D  ) ) into  a valvie  associated  with  ^ome  computation  of  F(?f)  for 

X = c. 

Another,  equivalent,  way  of  stating  this  is: 

Definition:  A partial  function  f c pf^(D^)  [ resp  e pf  (d)] 

is  said  to  be  a computed  function  of  a 'recursive 


k6 


til' t i ni I i>  ■.  . 'Vt-T 


■t  .11  n 

i>  I ri'si-  ov(*>-  D 


i‘  it  i.s  b’ucii 


_ t II  I 

tli.'.l  , ! >r  I'Vt'ry  c-  i i D reap  <'  t) 

i iJ  1 ^ / j Llioi.  thfii*  ir  a compuLal  ion  nf 

^ ^ I t 

1-  V I'lr  c ii'iiiij.;  till*  recurbivt  lofinition 
wluch  tirrnir.ntos  with  f(c'. 

ii  if  f ^ - 'j  ! lien  tiieie  is  a compi-tation  oi 

^ ^ » / 

F ) for  - c usinp  tlie  recursive  definitii'n 

wiiich  does  not  terminate. 

Notice  that,  becatuu  of  tlic  way  we  have  defined  substitutions  any 
non- c ons  t.a  n r term  , lias  mn-t  trmi  nat  in;t  computations:  a trivial  example  is 

the  .sequence  ^ •■j  ! ^ delined  by  v.  - for  all  i _ 0,  which 

i.s  a non  te  ;"nii  na  t i np  c..>mputal  I in  f ''I-,  i ; .i.s  because,  ioj-  any  triplet 
of  terms  o*,  ~ !nmi  ..  . l >nsct]uentl-  , fir  any 

specification  of  f * has  •■’on-Lenr.inat  inp,  c nnpu  • ti  i ■ iis  . 

Hence  ii  f aiul  g are  twi  partial  lunctions  sucli  that  J •- 
and  if  g i.s  a ccTiipiit  il  function,  f i.s  al.so  .a  c JinpuLed  functior.. 

. .f  .“s  Innermost  c imputations. 

We  di'line  iiiT'irmo.si  ccmiputati  ’m:  as  i mipul  ...  ions  in  v,liich  b2) 
of  d .1  I.s  onlv  applied  wlu-r.  g i-.  a:*  I'-tui'le  of  individual  constants 
in  C.  In  other  words,  they  an  tirrsM  • rri  pura tions  in  which  only 
call  by  value  is  penniLtel, 

In  the  cour*  e < f i.liapter  , we  will  define  other  types  of 
computations,  as  meded. 
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CHAPTER  5 


RELATIONS  bKTWFJiN  f^OMPUTED  FL'NCTIONS  AND  FIXPUINTS 


Introduction 

Computed  Functions  .iud  Strong  Flxpolnts 


7 O 1 

Fir.st  Substitution  Lorima 

for  Strong  Values 

Second  Substitution  Lemma 

for  Strong  Values 

3.?  .3 

Theorem  1 

Innermost  Computed  functions  and 

Weak  Fixpoints 

3-3.1 

First  Substitution  Lemma 

for  Weak  Values 

3-3-^ 

Second  Substitution  Lemma 

for  Weak  Values 

3-3-3 

Theofora  ' 

^ . 1 Introduction 


In  this  chapter,  we  essentially  present  detailed  and  complete 
proofs  of  Theorems  1 and  discussed  in  Section  1.‘  of  Chapter  1.  It 
should  be  emphasized  that  there  ar  no  restrictions  on  the  'recursive 
definition^  to  which  these  theorr  pply-  (For  example,  the  base  functions 
of  the  'recursive  definition'  do  not  have  to  be  inonotonic.)  They  might 
not  even  be  computable,  and  the  results  would  still  hold. 

The  proofs  ol  iheorems  1 and  are  very  similar;  We  prove  three 
Lemmas  in  Section  • i rom  which  Theorem  1 follows  easily.  Then  we  pro- 
ceed in  an  analogous  lashion  for  Theorem  2,  in  Section  J.J* 


^ .2  Computed  Functions  and  Strong  Kixpoints 

In  this  section  we  first  give  two  lemmas  which  essentially  express 

('semantic)  stability  properties  of  the  strong  value  of  a term  when 

certain  'syntactic  snl)stitut  ions  ^ are  performed  in  this  term.  We  will 

use  them  to  prove  Theorem  1 in  the  last  paragraph  of  this  section. 

■ . 1 First  Substitution  Lemma  for  Strong  Values 

For  every  triplet  of  terms  <,  P,  T,  for  every  f e pf^^(D'*‘),  for 

every  T c L'^o{d)j^,  if  u(f,c  = p f,|),  then  for  every  oeS^  t the 

P 

identity  c;(f,^;  = i f.§)  holds  • 

Comment : Informally,  this  says  that  substituting  one  term  for  another 

within  a third  one  ^no  matter  how  many  occurrences  are  substituted 

for J does  not  alter  the  strong  value  of  the  latter 

term  il  the  strong  values  of  the  two  former  ones  are  the  same. 

Prop  f : Lot  f ho  an  arbitrary  element  of  pf^D'*’),  ^ ^n  arbitrary  n-tuple 

in  u'^wl.d'i/',  and  /,  & be  two  arbitrary  terms  such  that 


^Substitutions  within  terms  have  been  formally  defined  in  paragraph  2.2.4 
Chapter  ' ^ . 


5 f , p ) =.  f . We  show  that,  for  every  t anci  every  ^ 

y 

in  SpT  the  iileiitity  f - i',  f,^j  holds.  This  is  equi- 
valent to  tlu  slated  Lemma. 

We  first  show  is  a separate  case  that  this  identity  holds  for 
' = R.  Tlu'ii,  using  .s’rutUirai  induction,  we  sliow  it  for  every  t. 

Case  1 ^ - p 

Tlicn,  by  2.r  .h  a ),  ^ p"  " 

Therefore,  either  c ~ -r  in  which  case  the  result  is  trivial,  or 
a ~ a in  which  case: 

B.f,T)  Hypothesis  of  the  Lemma 

f,^)  Hypothesis  of  Case  1. 

Case  2:  - ^ g 

We  now  use  sLructuial  induction  on  -r  to  show  that  for  every  term 
"»  S implies  tt.it  the  property  holds. 

{i j , ii " , and  i ii , If  - is  an  individual  variable  1 5 i £ n, 

or  if  - is  x>  nr  if  ' is  an  individual  constant  in  C,  then  5*^1“ 

R 

from  the  definition  in  c .2 M 'bt. 

Hence,  a - t and  the  property  is  trivially  true. 

'iy  ) T is  of  the  form  g ' . Let  a € 

- i ^ P B 

Because  " f c.asc  b-iv  of  itie  definition  of  substitutions  in  Section 
2 .2  .J;  applies,  and  wt  have: 

c = .•••,"  where,  for  every  i,  1 i ^ p,  a.e  s\  . 

p ~~1R1 

^^ow , for  every  i,  J i L P>  have: 
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«lther  because  ol  Case  1 If  - p,  „r  because  of  the  Induction 
hypothesis  otherwise. 


ilence,  we  must  have  o(f,r  » iff,?)  because  of  the  definition  of 
the  strong  values,  Section  case  b-iv. 


= i 


1 ■ 


.T. 


In  a similar  wav,  let  ct  . We  have  (2.,  b-v) 


c = I' 


v’l.j  ,...,'•^'1  wtiere,  lor  every  i,  1 _ i n,  a.e  S^t.. 
A«aln,  lor  every  1,  1 _ I ^ „e  have  Sj’l,;)  a ?.(f,f),  and, 
bye.''.  b-v,  tliis  implies  c t .^) 

• • Second  Substitution  Lemma  for  Strong  Values 


□ 


arbitrary  n-tuple  oi  terms  and 

be  any  terra.  Tiun,  tor  every  ffc  pf,/D"^)  , and  for  every  fe  fli\j{d} )" , 
we  have : 

^ 'f,^)  = >^f.  >).:/' 

Comment : Inlormally,  this  property  means  that  one  can  equivalently; 

a)  First  substitute  for  everywhere  in  q-, 

and  then  c ompute  the  strong  value  of  the  resulting  term  for 
f and  ^ , 

(b)  First  compute  the  strong  value  of  each  for  f and  p,  and 
then  compute  the  strong  value  of  ^ for  f and  the  vector 
ol  values  ol  just  computed. 


or 


Ihe  notation  c(f,t)  has  luen  lormally  defined  in  Paragraph  2.4.1; 
''.F.’j  is  the  term  obtained  by  substituting  x,  by  t for  all 
occurrences  of  x,  in  ; ^foi  every  i,  1 < i^<  n).  ^ 


i 


Proof  The  proof  is  UnKthy,  but  easy  by  structural  induction  on  a. 


Let  us  -li,  loi  I ( 


hf  voctrr  ( 1 , p ) , . . . ’ 


F,“  f ,ff'  bv  1 .h.s. . and 


' b >.’) 


'f,t)  by  r.h.s 


Cast  i 1ms  >i;ic  1 , ^ 1.  i _ n. 


"'hi-n  i," 


. bv  . . 1 f j , and  : 1 .h.s  - t.  <'  f ; 

1 i 


. h . s 


b (b-i  , so  l.h.s  -•  r.h.s 


Case  ' it ) r,  = c,  lor  some  c in  C. 

Thun  r/  F,'^  - c by  2.i.l  iij  and:  l.h.s  - c by  L.J.2  (b-ii)  j 

r.h.s  ^ c,  also  by  (b-ii),  so  l.h.s  = r.h.s  . 

Case  ill  o’  “ x • 

In  this  cast  , I .h  . ^ r.h.s  = x by  an  argument  similar  to 


case  11 


Case  iv'  - y / > • • • »'  p,' 


Wc  have  r.  V 'I  ' -^p  by  < .'i.l-iv. 

and  so  l.h.s  - , 1 .^) 

' K q F,t  ) , . . . f,?). 

Let  us  denote,  for  every  i,  1 _)  i _ P<  a^^F,"?)  (f,^)  by  a^ . 
Then,  by  2.^.  b-iv  , if  the  vector  I'a  ,a,, , . . . ,3p>  does  not 

belong  to  the  domain  of  r, , . •h.'^  d.  If  it  does,  l.h.s  s 

8 »‘^0  » • • • »^ri  ^ ’ 


On  the  other  hand  r.h.s  f ,T } 


8 ''I*''  f • • • •O'p)  f »^) 


r 


■y 


Now,  by  induction  hypothesis,  for  every  i,  1 < i < p,  we  have 
= q'^(F,t)  (f,r'  = as  defined  above. 

Hence,  by  b-iv).  if  the  vector  (a^  ,a^ , . . . .a^)  does  not  belong 

to  the  domain  of  g.  r.h.s  d.  If  it  does,  r.h.s  ^ gfa^ ,a2 , . . .a^) . 

So  in  botli  cases  r.h.s  l.li.s. 

Case  ! v ' r.'  = F , t 

1 “ n 

The  proof  is  ver>’  similar  to  the  previous  case.  We  have 
a ' I » • • • by  ?.Ji.l-v,  and  so 


l.h.s  ^iF.-r)  fi.ir) 


J-'.T),..,aj^(F,T))  (f,T) 

Let  us  again  denote  , f,T)  by  a.,  for  every  i,  1 < i £ n . 

Hy  2.3.2  'b-v),  if  the  vector  a^  ,a^ , . . . ,a^>  does  not  belong  to  fo'*’)", 

then  l.h.s  - d.  if  it  does,  1 -h  . s .=  f ( a,  ,a^ , . . . .a  ) . 

i 2 n 

On  the  other  hand,  r.h.s  x ^{f,F) 

= *■'^0',  .Or  a ) f ,T  . 

Now,  by  induct  on  hypothesis,  for  every  i,  1 _ i ^ n,  we  have 
~ ) 3.  as  defined  above. 

Hence,  by  2.3.?  (b-vl,  if  the  vector  ^a^,a^^ a^\  does  not  belong 

to  (D  )'’,  then  r.h.s  d. 

If  it  does,  r.h.s  f a ,a  , . . . , a ) . 

Again,  in  both  cases,  r.h.s  l.h.s. 
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^ Theurom 1_ 

Wi‘  ii('w  provi  i l<.i>roni  1 which  w.i''  stated  in  Section  1.'  . 

We  need  one  prc’ itr.  inary  I tiiu  i i; 

l.e:mna : ’ et  he  n ciui-.  ci  term  over  an  interpreted  alpliabct, 

'♦  " .iiii'  !•' ,'.x)  •=  'll  , ' be  a reciir'ivt  definitin 


c be  an  element  of 


■ i-:x) 


Let  1 i-  J ' ><■  ■*  ar'  itr'i'  v eompul  it  ion  ol  / lor  = c usini’  the 

recursive  del  ini  Li  on.  .i;en,  l r I'very  tixpoint  ol  ",  — and  lor  .all 

i > O,  T; c)  L''. 

I 

Prop f : iirst  remark  that  it  is  sutiicicnt  to  show  the  property  for 

elementary  computations  iitineil  in  Section  f since  the  general 

computations  are  subsequences  ot  elementary  ones. 

Let  be  a lixpuint 

We  begin  bv  showiii.  th.it,  lor  • very  i _ , il  ‘.(tCi  / ►;  A , then 

»i  '[4-1  ",  ’• 

Because  oi  tlic  ipintni  remark,  we  only  h.ivc  to  consider  two  cases: 

Case  'a'  , t .a 

1+1  i 

where  , V 1 e pi  I’*  , = i . . V 1 . . 

» r n > 

In  this  case,  a dirtot  application  cl  Lemma  .1  proves  the  property 

-I  S' 

Case  'b'  , sS,,  . _ 

— ^ 1 -tl  I p)  ‘ 

In  this  cast,  we  'irst  observe  that,  if  I'.B,  not  present  in 


, then  ^ , - I.  and  the  property  is  trivi.al,  II  it  is  present  in 


i'  i+1  i 

then  the  hypothesis 


implies  that,  l<r  ever; 


1 i ' n , 


functional  assoc  iated  wilti  ",  has  been  def  ined  in  . ' . b , 


6j(cp,  ) e D'*‘.  [Otherwise  the  subterm  F(e)  would  evaluate  to  'd',  and 
hence  so  would  as  can  he  seen  easily  from  the  definitions  in  .5.2  b] . 

Therefore,  we  have: 

) = T",-  


- ) )) 


Lemma  ;; ' .2 
'X  is  a lixpoint  of 
'■  = h-v 

And  again,  an  immediate  i-pplication  ot  Lemma  . .]  proves  the  property. 

Now  a trivial  mathematical  induction  on  i proves  the  Lenma,  since 

'5'  ■ ' beim  assinacd  correct,  wiiich  implies  cr((p,c)e  L*' 

We  can  now  state  and  prove  Ihaorem  1 ; 

Theorem  1 : lor  every  recursive  definition',  every  strong  fixpoint 

is  an  extension  - ot  every  computed  function  over 

Proo_^:  Let  F x - K,x  bt  a recursive  dclinition*  let  f be 

one  of  its  computed  iunctions  over  and  let  be  a fixpoint  of?. 

Let  ^ € ,D  , be  such  that  i [f)  ^ uu.  Thus,  from  the  definition  of 

a computed  function,  wi  know  that  there  is  a computation  { /.[  i ''  o}  such 

that  1 = 1 J and  - 1 p)  for  some  finite  k. 

-c  k 


Now,  by  the  previous  Lemma,  we  know  that,  for  every  i 0, 


in  particular,  we  get  that  But  since  ’ 

we  see  that  f f 1 - , which  is  what  we  wanted. 


If  f,g  are  partial  functions  of  S into  R,  g is  an  extension 
<■  iff:  S,  f^v  [ . f x)  = g(x)  . 


51^ 


. □ 


See  Appendix  I. 


-u : 


Some  consequences  of  this  Theorem  have  been  stated  and  discussed  in 
Section  1.5,  and  we  will  not  go  over  them  again  here.  They  all  follow 
immediately  from  the  Theorem. 

Innemio^st Computed  Functions  and  Weak  Fixpoints 

In  this  section  we  derive  the  analogous  of  Lemma  f .2 . 1 and  ".2.2  for 
weak  values,  and  then  we  prove  Theorem  2. 

■ . ■ . 1 Hrst  Substitution  Lemma  for  Weak  Values 

Kor  every  triplet  of  terms  ,,  J.  every  lepf^(D) , for 

-very  ? c i+o  tJJi",  if  Vt,?}  e | , ,f)  , ^ ^ 

identity  c:  'l  ,§  ” i holds. 

Proof:  The  proof  of  Lemma  ".2.1  carries  over  completely  by  simply 

changing  V hy  V . 'b)  • by  M by  ’if,  and '.trong' by  'weak ^ 

3 • 3 • Second  Substitution  Lemnu.  for  Weak  Values 

Let  - = arbitrary  n-tuple  of  terms,  and 

be  anv  term.  Then  for  every  f e pl^(D;  and  for  every  F e (A\|(dJ)", 
we  have: 

(f,?)  = ■>'{,  -T  :f,f^ r (f,^)  >). 

ProoX:  The  proof  is  by  induction  on  a and  parallels  that  of 
Lemma  ^.2.2.  Let  us  again  abbreviate  the  left  hand  side  and  the  right 
hand  side  of  the  identity  which  we  want  to  prove  by  l.h.s.  and  r.h.s. 

respectively.  Cases  (ij  through  (iv)  tr*inslate  directly  and  we  won't 
repeat  the  derivations  here. 

Case_(vl:  ^ = F(a^  ,a^ exj 

We  have  v('F.t)  = F^a  F (v  u i i 

’ " 1 •O’  \ Ff  t;  j by  .4.1-v, 
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and  10 : 


l.h.s  S a(F,T)  (f.?) 


= F(a,  (f,t)  , . (f,f)  . 

Let  U8  denote  Qj^(F,f)  (f,^)  by  , for  every  i,  1 < i 1 n. 

By  Induction  hypothesis,  we  also  have  a^'  f.t'i  = , Three  subcases 


arise : 


+\n 


(a^ , a , , . . . ,a^)  does  not  belong  to  (D^) 


Then,  by  . .j5.2(a-v),  l.h.s.  = d. 

On  the  other  hand,  r.h.s.  = a(f,t) 

H F(a^,a^,.7T,a^)  (f,t) 

= d , by  2 ._J  .2  (b-v)  • 

V - ' i i ; : For  some  i,  1 i_i:_n,  a^  = o). 

Then,  by  2.  ji.2  (a-v)  , l.h.s.  =u>. 

On  the  other  hand,  r.h.s.  = u;  by  ?.3.2(a-v)» 

V - f i i i / : Otherwise,  (a,  ,a  , ...,a  ) c and  we  have: 

l.h.s.  - f (a^  ,a^^ , . . . ,a^)  by  2 .2  (e-v) 

r.h.s.  = f (a^^  ,a.j , . . . ,a^)  by  2 .2  (a-v)  . 

Theorem  r. 

In  this  secticn,  we  prove  Theorem  2,  which  was  stated  in  Section 
1.5-  We  need  the  analogous  of  the  Lenna  in  §3.2.J. 

Leimia ; 

Let  a(F,x)  be  a term  over  an  interpreted  alphabet,  c be  an  element 
of  and  F(x)  <=  t''F,x)  be  a'recursive  definition*.  Let  {o:^|i  > O] 
be  an  arbitrary  innermost  computation  of  a for  x = c using  the 

recursive  definition.  Tlien  for  every  fixpoint  cp  of  t,  and  for  every 

i > 0: 

a(?p,c)  ^ cJ  (?p,  ) 

X 


ProoJ_:  Again  the  proof  closely  parallels  that  of  Lenma 

Notice  that  wc  do  not  need  the  correctness  ol  r/  here.  The  same  opening 
ri’mark  ap[>lies,  that  is,  it  is  sutlicient  to  shi'Vv  the  properly  for  cl cme n t ar v 
innermost  computations. 

Let  be  a lixpoint  of  " . Again,  ve  lirst  show  that,  lor  every 

Only  two  cases  arise: 

Case  fa'  : ^Y^i’ 

7 f i t.f,  } = )• 

In  particular,  taking  f = (where  ^,+  is  the  natural  extension  of 

, defined  in  Paragraph  . . ■ ^ , we  have: 


C 


= v''-  + 


Now,  using  Lemma  .1,  we  get  that: 

® y < J J 1 / 1 

and  using  henna  •'.^.1,  wc  obtain  the  desired  result-^ 
Case  b : 

^ + 1 

where  b is  an  n-tuple  of  constants  b.  in  C. 


Note  that,  in  fact  we  could  use  a weaker  condition  to  define  "innermost 
computations  over  D"^",  by  only  requiring  that  the  weak  values  of 
g and  be  equal  in  ’.-..''bl,,  instead  of  the  strong  values.  The 
resulting  Theorem  would  be  slightly  stronger,  since  it  would  apply  to 
a slightly  larger  class  of  computed  functions,  but  on  the  other  hand  it 
seems  reasonable  to  consider  only  those  "innermost  computations"  that 
are  also  "computations". 


We  have : 


Y > 


J > } ^ ^ 


r.  , • bj  ,b  , . . . .b^'  •) 


T K 


Lfmma  ' . < 


Lemma  . .^>.5*1 


= f(i:  ■■;.  ; 


(C  tixpoiiit  ol 


' a-v  I 


Now,  using  Lemtna  '.'.1,  we  obtain  the  desired  property. 

The  Lemma  follows  by  a trivial  mathematical  induction. 

Theorem  is  now  ea::i!y  derived; 

Theorem  : 

\ i 

For  every  recursive  definition,  every  weak  fixpoint  is  an 
extension  of  every  innermost  computed  function  over  . 

Prop  f : The  proof  is  entirely  analogous  to  that  of  Theorem  1, 
replacing  by  'st rong' by 'weak',  'Lemma  J.'  .J'  by  'Lenina  3.5.5', 

and  'computation'  by  'innermost  ccxnputat  ion ' . [Actually,  we  do  not  even 
have  to  use  the  lace  that  ~ ^ >;  L'^ , since  the  hypothesis  of  Lemma  5.5.5 

is  slightly  weaker  than  that  of  Lemma  5.  .;]. 


The  consequences  of  Theorem  , and  of  c.  :bining  Theorem  1 and  2 have 
been  mentioned  in  Chapter  1 and  we  will  not  pi  at  them  here,  since  the 
proofs  follow  trivially  from  the  theorems. 
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4 . 1 Introduction 

In  tilt  previous  chapters  we  liavc  shown  that  the  computed  functions  of 
recursive  definitions  were  'less  than  or  equal  to'  the  fixpoints  of  the 
recursive  definitions,  in  tlio  extension  ordering,  in  a sense  that  has  been 
made  precise  . 

There  are  evidently  situations  where  computed  functions  are  strictly 
less  defined  than  the  fixpoints;  a trivial  illustration  of  this  is  provided 
by  our  previously  made  remark  that  the  totally  undefined  function  is  a 
computed  function  of  all  but  the  constant  recursive  definitions. 

Of  course,  what  wc  are  interested  in  is  to  compute  least  fixpoints 
we  know  that  the  others  cannot  be  computed  functions).  This  is  obviously  not 
always  possible,  because  some  recursive  definitions  do  not  have  least  fixpoints, 
as  has  been  sliown  in  Chapter  1,  (Section  1.'.). 

In  this  chapter,  we  give  sufficient  conditions  on  the  recursive 
definitions  which  guarantee  that  they  have  least  fixpoints  of  both  types 
(weak  and  strong),  and  we  give  a characterization  of  these 
fixpoints  . 

4 ,p  Monotonicitv ■ Continuity. 

4.2.1  General  Definitions 

Let  A,B  be  two  partially  orden  d sets,  and  let  us  denote  by 
the  orderings  on  these  sets.  A mapping  m of  A into  B is  monotonic 
iff  it  preserves  the  orderings,  i.e.,  iff: 

Va,b  e A,  a < b m''a)  < m(b)  . 

Let  A be  a partially  ordered  set . A chain  in  A is  a subset 
of  A on  which  the  ordering  is  total.  A is  ■.  hain-c  losed  if  every  chain 
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in  A. 


in  A has  a least  upper  bound  ^ 

Let  A and  H be  chain  closed.  A mapping  m of  A ?nto  EJ  is 
continuous  iff,  for  every  chain  K in  A, 
m(lub(K))  = lub'm(K)), 

where  this  equation  is  intended  to  mean  that  m^K)  must  have  a least  upper 
bound  in  B,  and  that  it  must  be  equal  to  m(lub 

Notice  that  continuity  =~>  monotonici  tv : Let  m be  a continuous 

mapping  of  A into  3,  and  let  a,b  e A,  with  a < b.  To  show  that 
mfa)  < mf'b)  observe  that  {a,b]  is  a ciiain  in  A,  whose  lub  is  b. 

By  continuity,  [m(a),ni  b)]  must  have  m(b)  as  a lub  in  B.  This  implies 
m 'a)  < m(b)  . 

The  converse  is  not  true  in  general,  and  we  shall  see  examples  of 
that  in  the  sequel . 

Finally,  let  Aha  partially  ordered  set.  An  element  uu  in  A 
is  said  to  be  a least  element  of  A if  Va  e A,  U)  a. 

Let  us  now  use  the  previous  definitions  in  the  context  of  partial 
functions  and  functionals. 

4 .2 .2  Monotonic  and  Continuous  Partial  Functions 

We  have  seen  various  kinds  of  partial  functions  in  the  previous 


chapters : 

Partial  Functions  of  into  D 

Partial  Functions  of  into  D 


52.5.2(a) 

52.5.2(b) 


Function 

Variables 


^ The  notion  of  least  upper  bound  of  a subset  of  a partially  ordered  set 
is  defined  in  Appendix  I. 

**/  If  S Q A and  m is  a mapping  of  A into  B,  the  notation  m(S) 
represents  the  set  (m's)  | s e S} . 
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Part ial 

Funet ion  s 

of  n into  A 

■ •••5  'a.: 

I . 

Part ial 

Futii.  t ion  s 

of  into  A 

• •■•5fb)  ; 

• ' f . 

Partial 

Functions 

ot  a .SutiscL  of 

.+  P 

into  A 

. : . I : 

Base  lunations 

All  these  can  be  considered  as  mapping's  of  a set  A into  a set  li , 
where  A and  B are  subsets  of  //  ^ lor  some  P _ 1.  We  will  define 
an  ordering  on  such  subsets  in  the  following  way  see  Scott  1 « i ) ; 

First  define  an  ordering  denoted  ' on  bv : 


Vx  e 

A + 

^ f 

X •-  n and  x •»  x . 

Then  extend 

this 

ordering  to  a"*^ 

for 

any 

p 1 , bv; 

Vx  ,y 

e A'*" 

7 •.  y iff 

>1 

and 

X < y ^ and 

X ' 

V 

P 

' P' 

Finally  also  denote  the  restriction  ot  this  ordering  to  any 
subset  of  fi"*"  ^ . 

.‘.'ow  the  general  detinition  of  monotonicity  given  in  « .1  carries 

over  immediately  to  tlie  various  kinds  of  partial  functions. 

First  remark  that  f pf^  D and  - ' i ^ e pf  d”  . L are  always 

monotonic:  since  does  not  contain  x,  the  ordering  on  1)'^  is  such 

that  X -c  y = x ^ y. 

Then:  f c pf  is  mono  tonic  iff: 

n 

'.i<,y  € , X '•  y =:  • f X ■ f(y  , 

' f , pi  (o'")"  A)  js  monotonic  iff; 

Vx,y  X y = • fj  ^x)  -I  f]  (y)  . 
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g e plvOom  g ->  L)  is  monotonia  ill; 

Vx,y  l>oii)  K , X ^ 7 g(x)  < K(y) 


Note  that,  tor  tlu  sr  partial  functions,  monotonlcitY  implies  continui^. 
The  key  fact  U that,  1„  this  case,  A only  has  Unite  chains.  In  (/)  , 

the  longest  chain  has  1 elements).  Ihen,  let  t 

K = x -cXj<...<Xp,  Whe  re  p ^ k , be 
a chain  in  A,  and  f be  a monotonic  mapping  ot  A into  B. 

We  have  i lub(K))  = f(xp) • 

But  f(K)  = if(x^),£(xj),...,f^Xp)},  and,  by  monotonicity 

f x^)  ^ f x^)  <..•<  l^b(f(K))  = f(Xp)  = f(lubrK)). 

Let  us  novs  make  some  more  remarks  on  monotonic  partial  functions, 
especially  on  the  klven  u.nctlons.  (The  others  are  special  cases  of  those, 

anyway) . 

As  noted  in  Section  1 , Chapter  1,  any  g such  that: 

Vx  e ^ (ji  - yj)  &(x/ 

is  monotonic,  because  in  this  ca.sc  x ' y and  x ^ y ='  g x)  - U)  • 

So  any  function  g ..hose  values  are  knovn  lor  defined  arguments 

can  be  extended  on  mule  line,  arguments  in  such  a way  that  it  becomes 
monotonic.  The  easiest  way  of  doing  it  is  by  setting  g(x)  -f  ui  whenever 

at  least  one  of  the  x.'s  i.s  a.,  which  make,  g monotonic  as  noted  above. 

This  is  called  the  natural  extension  of  g. 

, 1 Coy*  ovurnDle  ii  r is  a constant  function 

This  is  not  the  onlv  way.  ror  example,  i g 

gx  a,  with  ^cL)  > then 
whose  domain  is  A i.i  .,  . x e e > g 

+ n . + e ''x  a is  a monotonic  extensi'^n 

g'  defined  on  A , l>y : / x e ,A  ) R x 

of  g which  is  not  the  natural  extension. 

in  general,  we  may  observe  that  for  a function  g to  be  monotonic. 
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it  is  necessary  that  whenever  g(7)  = a ^ <sj , for  every  y > x,  g(y)  = a. 
Hence  it  x has  at  least  one  undefined  argument,  lor  every  y in  the  domain 
ot  g which  is  more  defined  than  x,  g(y)  must  be  equal  to  g (x)  . Using 
this,  one  may  devise  a way  ol  monotonical 1 v extending  g's  which  satisfy 
some  equations.  This  can  be  stated  more  formally,  but  examples  will  convey 
the  idea  more  clearly: 

(a)  Let  us  consider  the  binary  multiplication  over  the  integers 

Z;  this  function  satisfies  the  equations  ; 

VxeZ.  0‘x  s X'  - o . 

Hence  we  may  extend  on  (Z"*")  by: 

C *'JL/  = 'JJ  *0  3 0 . 

This  is  a monotonic  extension,  which  is  not  tlie  natural  extension.  On  all 
other  combinations  of  arguments  involving  ai,  must  take  the  value  'i> 

if  it  is  to  stay  monotonic. 

(b)  The  sequential  ' i f . . . then . . .c  1 se  . ’ connective  (See  Paragraph 
l.J.L)  is  another  example  of  a monotonic , non-natural  extension: 

V X e U:  if  T then  x else  a = x 

corresponds  to  the  equation: 

V X,  y e U,  if  T then  x else  y = x . 

(c)  The  parallel  ' i f . . . then . . .e 1 se . . . ’ connective  (See  Paragraph 
1.;J.2)  is  still  a further  monotonic  extension,  where: 

V X e D:  if  a then  x else  x = x 

corresponds  to  tlie  equation: 

Vt  p/T  ,F}  ,VxeI),  if  t then  x else  x = x. 

4.P.J  Monotonic  Functionals 

We  have  seen  several  kinds  of  functionals  in  previous  chapters. 


for  I'xanipK'  , 


\ 

ill  . . ' : 


1 line  t i oiiu  1 s 

ovt*  r 

, for 

compatible 

Func  t ional s 

i'wr 

’ , for 

'compatible 

Func  t iona 1 s 

o ! p t 

D)  into  pf  (l)’’  . £,) 

, for 

correct 

Funet iona  1 s 

O ! 

p (h  ) into  pi  ' 

’ a)  t , 1 or  cor  ret  t - . 

and  wc  will  soo  soiiu-  more  later  in  tliis  chapter. 

All  these  lunctionals  are  mappings  ol  ‘^ets  of  partial  functions  into 
sets  of  partial  functions.  Wi'  know  that  tlio  exionsion  1,  relation  v is  a 

partial  ordering  on  those,  and  tficrofore  tlie  general  definition  oi 

monotonicity  carries  over  literally  in  tliis  ca>-c . 

■'  • Continu  ms  functionals 

As  in  tlie  previous  case,  the  generii  definition  of  continuity 
carries  over  immediaielv  in  t!ic  case  o!  functionals.  Let  A,B  be  chain 
closed  sets  of  partial  functions  ordered  (ly  tlie  extension  relation  <.  Then 

a functional  " ol  A i;to  B is  cont  i imoiis  iff,  for  every  chain  K in  A, 

m ' 1 ub  K } ) = 1 ub  n K) ) . 

i.e.,  as  in  the  general  cast  . the  right  hind  side  is  required  to  exist  and 
be  equal  to  tlie  left  hand  side. 

We  will  recall  lure  a property  cl  chains  and  their  lubs  in  the 
case  ol  partial  functions^  which  will  be  i ; im  later  in  this  chapter.  The 
proofs  ol  the  property  appears  in  Appi  ndix  I. 

tamper t y : Every  chain  K in  pffs  • has  a lub , which 

satisfies  the  following: 


1.  The  extension  rcl  itirii  has  lieen  defined  in  , footnote.  See  also 

Append i x I . 


, I vf } 1 thc-’i  J ab  •') 


'•  ! t;  S:  il  M , l.^e}  X the-i  Jab  x , 

otherwise , 

Vf  K,  i ?)  / X , iub'K)(p;  j ')  . 

If,  in  addition,  every  element  in  ttu-  chain  is  a monotonic 
partial  function,  then  lub  K is  monotonic. 

Hence  pi  S is  chain  and  sr  is  i!iJ*S 

cliere  ni!  S • denotes  the  set  of  nintn  tonic  paitiaJ  lunctions  ol  S ••  R. 
Supposing  Lt;e  chain  K is  [l^  I i • with  i ■ j 


b‘  h 


then  the  above  property  implies  the  following; 

,P  V ^ c S,  there  is  i j such  tfiat,  i i , lub''K)'p)  f > 

Notice  tliai  . in  the  case  ol  f ui,c  t i ona  1 s , mcuiotonic  ity  does  not 
imply  continuity.  for  e;-;ar;ple,  denoting,  Z the  set  of  the  integers,  and 
the  totally  undefined  tunctioti  over  Z,  let  us  diiine  the  functional 
over  pf  Z,  b>- ; 


Yf  e pf  z; , ~U 


f 1 total 

\ 


otlie  i-wi  se 

It  is  c a s \ t i'  ei'  1 1 a t ' i .s  nu'jic  t ('!!  i c . 
continuous  .-consider  the  cliain  .c  --ft.  I i 


'owi  V I r 


IS  not 


where  f.  n - 
1 


for  all  i 


f n ^ i - , 0 
( otherwise 
, so  I lib  •-  I , = 


wliere.-i.s  lub  f)  is  tin  /ero 


1 unct ion 


and  - luf)  f. 


• • ' .Monoten ica  1 1 V Struclurc-d  Rc‘ciirsivc  Definitions 
. 1 Dc:  f i n i t i o n 

Let  1 F,v,  !),.  ,j  term  over  some  i n*.t  rpre  f t d alphabet.  Wo  say 
that  u i.s  moiiiitjinical  ly  .structurc-d  it!  the  interpret  at  i on  g of  every  g 


which  appears  in  a is  munoionic  as  defined  in  . . ).  NoLiee  that 
subterms  of  monotonica  1 1 v strueturetl  te  rms  are  nionotoiiical  ] v stmcLun-d. 

A recursive  di'finition  lx’  ■=  -r  i' ,x)  is  said  to  be 
monotonical  ly  s'tructured  iit  ■ I'.x)  is  inonotonical  1 v structured. 

Monotonica  1 1 S'  structuied  recursive  definitions  are  of  special 
interest  because  they  possess  least  tixpoints  Section  i ' and  these 
fixpoints  are  computable  t.l.apter  i. 

We  are  now  goint;  to  slii'w  monotonicity  and  continuity  prope^rties 
of  the  partial  functions  .imi  lunctionals  associated  with  monotonic  a] ly 
structured  terms. 


i. . ' . 

Monotonic  its- 

• ; 

! . and  t ■■ 

Lemma:  Let 

i'ii- 

a i.ionot  on  ic  al  1 y structured,  correct  term. 

Then,  for 

every  f pi 

ti 

!»■*  ; 

f monotonie 

- 

1 raoiK'toni.  . 

Proof  : l.et 

1 •:  p! 

i>i-  inornLonic 

n ' 

, and  let 

such  that 

We  want  to  show  / 

1 • 1 I ~ , 

i . e . I 1 , p 

' & f . 

, by 

• 

We  proceed 

by  structural 

i nduc  t 

ii>n  on 

t.'ase  i : t 

. . i . 

Mk‘11  t , 

* 1 

' i 

and 

I 

• 

c V 

* i i 

Case  ii 

c 

. lin  n 1 1 _ 

. \ ^ r 

• 

Case  iii  : 

K . 

1 In  n ■'  1 . - ( f , 

t 

Case  i V ; 

}■ 

1 P • 

illen  ' 

'T  p '1 

■ ’ p ' ' 

y "j 

' ' .?) 

I nduc  t i on 

livpothc  s i s 

nonot  on  ie 

i t V 0 f , 

J^ypor  u correct,  ^t[  f and  ' have'  been  deliiu-il  in  ' . . I);  . 


£agj?.  = F(u  ,u: ,(f  ) . 

1 ir 

Then  a(f.p)  l(5j(f,f) ( f ,F) ) 

" ‘ . • • • ,t[)  ) (induction  hypothesis  and 

monotonicity  of  f) 

■>  1 ,f ) . _ 

Let  -js  call  D+  :hc  set  of  all  mono  tonic  partial  lunctions  in 

~ 1 1 is  monotonic}  . 

We  have : 

L£H!!L2.:  Let  i be  a monotonical  ly  structured  correct  term.  Then  5 

is  a monotonic  functional  of  mf^  D+)  into  pf  ( (D+) . 

Proof:  This  says: 

Vf,g  € D+):  f < g =>  7 f]  ^ ^ 

which  is  equivalent  to; 

Vf,g  € mf^(D+):  f < g =;.  ,v  f g (D+)n^  ^ ^ 

We  prove  the  last  property  by  structural  induction  on 


Case 

i 1 : z = 

Case 

(1 

"I 

•^1 

•"i 

Case 

,iii  , : J = 

Case 

.iv , : o = 

Then , 

for  all  i , 

Hence 

• ^C\(i,Z 

1 .e  . 

'■i''f,F)  < r 

Case 

yj  : = 1 

I..  Then  <<f,|^)  u h ,f ) 


^'Z)  •'.h.f/'  'JU  • 


(induction  hypothesis). 


Thei’,  by  induction  hypothesis.  Vi,  I L i L n ~^.(f,f)  s a.  (g,|^. 
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Hence : 

if, 5 

1 ' ( f ,f ) , . 

' i .• 

Monotonlcitv  of  f) 

*>  F F,f  . • 

• • • Hypothesis  i * g) 

--  •'  K.“  . 

— 

If  a term 

1 s 

corapatibli'  in 

addition  lo  tieing  monotonicallv 

structured  , 

then 

is  a monotonic 

functional  over  mf  I)"*”'  : 

n 

”roo  f : 

it 

" is 

conpatible,  and  1 pf^^  1)),  then  ij  e pl^  D 

' * ' •* 

If  1 

c m f 

n 

!)■*  , then 

1 c mf  O'*  bv  the  first  Lemma 

n 

above  , and 

is 

mo no tonic  over  mf 

bv  the  second  Lemma  above  . 

n 

Notice 

that 

there 

are  lenns 

which  are  not  monotonicallv  structur^'d 

but  which  are  such  that  ’ is  mcnotonic.  One  cx;iinplc  is  the  iol  lowing: 
'i'.x)  = it  lx  then  X;  else 

It  is  not  monotonical 1\  structured  because  is  nut  monotonic,  but  ^ 
is  monoloiiic,  because  it  maps  everv  f r pi  D"*"  ir.to  the  zero  function. 

Notice  that  in  thi'  case,  • i ,x  can  be  replaced  bv  ^ K,X;  in 

such  a vav  that  ~ , with  •'  monotonical  1 v structifi'd  , the  most 

sinple  •'  being  . lo:  another  one.  see  Chapter  1,  Section  1.'  , 

K;<ompli' 


can 

1- 


U'e  don't  know  wlu'ther  this  is  possible  in 

.‘.'otici,'  also,  th.ii  till  last  lemma  above  is 

take  non Hiotuni c values  in  pi  D'*’  . For 

n 

X 1 r and  it  uo  consider  i «:  pf'lr^ 


general  . 
1 a ' se  i 
ex  impl  (• 

: rx 


the  function  variable 
i 1 we  take 


^c'therwi  sc  • a y 


and 


tl  r pi  1)'^  : 


ot  iu  rwise  . 1 , 


[=1 


we  have  f < h,  but  not  7[fj  ^ t[  h]  , since  T[fJ(o)  h 0 and  TfhJ(O)  s 1 
So,  even  thounh  7 is  monotonical ly  structured,  ~ is  not  monotonic  over 
pffD+)  . 

‘ • ■'  Moiiotonicity  ui  1 1 and  ~t  - 

We  will  brielly  mention  liere  the  monotonicity  properties  for 

f ' and  I . 

lirst,  notice  tliat  every  1 g D)  is  trivially  monotonic. 


as  observed  in  . 


7 ive 


Similarly,  for  I'very  I , pl^^  I)j  , z[  fj  is  monotonic. 
Trivial,  by  tlie  same  observation. 

Ihe  analoj’ous  of  the  second  lemma  of  is: 

iilHM'  ' f>o  a monotonical  ly  structured,  correct  term, 

Then  .■  is  amonotonic  lunctional. 

iiL2£j_:  ' is  a monotonic  functional  iff: 


for  every  1,  li  g pf  D : 

' n 


f s h =: 


V ^ < a(h,f))  . 


I.et  i ,li  g pi^  n .,uch  tliJt  f < !i,  and  ? e d".  Wc  have: 

' ^ >l  J Hara^’raph  ? .1  A)  . 

Now  1+  and  h are  trivially  monotonic,  and  since  f < h we 

have  f+  . h+.  Kurtliermore,  1)"  ])+  ",  and  we  can  apply  the  second  lennna 

of  previous  section  to  get: 

^ u h+,i  . 

Hence,  using  transitivity  and  Paragraph  <'  .y.5.1  once  more: 

' ■'  a 

If,  in  addition  to  being  monotonical ly  structured, 
tlie  term  - is  compatible,  then  t is  a monotonic  functional  ovir  pf  (d)  . 

''  correct,  f ■ and  :i  have  been  defined  in  52.j.jj(a). 


. Cont  i luii  t S'  o 1 


1 I amt 


t 


Sinci’  ■('  1 i -j  a partial  luiiction,  monuton  i c i t v Is  equivalent 

to  continuity,  and  the  lirst  Lemma  ol  tells  us  that,  for  ivcrv 

f e pf  I)^  : 
n 

f monotiJtiic  > I ciuit  inieuis  . 

The  Lontinuit'  property  oi  ■,  which  c orrespotni s to  the 
second  Lemma  ol  ..  . md  i .u  ' jails  sti  ictls'  siiainyer  ,is’ 


Lemi  M I.et  l)e  I m<>not  on  i I a 1 I V structured  oorrett  ti'rm. 

Then  i is  a continuous  lunction.il  ot  into  ml  • L,  . 

Prool  : Vo.  aliaadt  know  i rom  . that  i is  a mom  tonic 

functional  ot  mf  11+  into  mf  . 

n ^ 

Let  K be  a chain  ol  mf  I)^  . Then  we  kn'ow  that  1 K'  is  a 

n 

chain  of  mf  D'h ' . . and  tlu'reiore  that  lub  r K i xists  an  i belonj'S 

» / 

to  the  same  set  . 

To  prove  cotit  inui  t>' , there  remains  to  shew  that: 

/ 1 u b K - 1 u b 4 K 

We  will  de  this  by  structural  induction  on 
Case  i.  : ' 1 _ j _ i'  • 


Then,  lot  every  f-,pl  I)"'  . for  every  "c  P*  , we  have: 

n • 


^ f - . f,: 

In  partiiular,  / lub  K ^ 

On  till'  cthei  hand,  we  also  have 


1 > 


so,  b>  deli  nit  ion  of  lub  : luh  r. 

Heiu  e : lub  K - lub  ; i 


Case  i i : ' - c r c . 

Then,  P r every  t.pt  IT*"  , lor  iverv  !)’  ”, 

It 

''1  f c . 

;Uy  Actually,  one  cou^d  prove  continuity  without  using  the  fact  that  a is 
monotonic  over  mf^  P \ and  then  indeed  deduce  directly  mo lotonicity  of  a, 
since  continuity  rrj  monotonicity. 


7? 


f 


So  u [ lub'  K)]  (5)  “ • 

Oil  t!ie  other  hand,  we  also  have,  Yi,  "z  [ t’^]  (f^)  = c , so 

lub fa  ^ K]  ) ,f ) - c . 

Hjrico:  / [ lub  K)]  = lub(a  [ K] ) 

Case  iii  : i = x Analogous  to  case 

Case  iv  : / - k a,  . ' ( ) . 

“ ~ 1 . P 

Let 

L’e  have:  i ^ lub  - g iij  [ 1 ub 'K)  ] (| ) , . . . ,a^[  lub  (K)  ] (| ) ) 

g(lub(aj[K])(F) lub(ap[K]  (f)), 

by  induction  hypothesis  y 


= g(aj ,a  , . . . ,a  ) , 


j . 1 _ j _ P' 


where  we  designate  lub  ' K] ) (?)  by  a^ , for  every 


For  every  f.eK,  

' « “r"  'V' 


where  we  have  designated  f^](?)  by  a^ , 

for  every  j,  1 j • P,  and  g'af,...,a^,  by  a,. 

~ ~ 1 p i 

Now,  wo  know  that  [ K]  is  a chain,  and  so,  because 
of  that,  there  is  an  i,  say  i , such  th.at : 

Vi  > i , a^  - a^  --  ^lub^f/  !!'])(?)•  Property  P,  Paragraph 


.?.l  .) 


Also,  lor  every  j , 1 _ j :!  P , [ K)  is  a chain,  and  so 


there  is  an  i,  say  i.,  sc  h that  Yi  > i.,  a^  = a^j  = lub ''a.  f ) (^)  - a. 

J J J j J j 

Property  P,  Paragraph  L . 

Now,  for  any  i _ max  1^,1^.,.,!  j,  we  have: 
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lub  ( K , f ;i  - (since  i i ) 

i!  ( a!' , . . . ,a^  Deiinition  ol  a.) 

o \ I . > p 

g(ap...,a^J  Since  i > i^  , for 

every  j , 1 _ j i.  p 

” [ lub(K) j If)  . 

Hence  lub  i | Kj ) = [lub(K)]. 

Case  v'' : < = F f x 

' 1 n 

Let  D-^)‘\ 

We  have:  / ’lub(K)](;^  - hib  K)  (Uj^(  lub^K)  ] (5)  . , . . ,a^[  lub(K)  ] (f)  ) 

lub  K)(lub  ,S^[K])(f; lub  a^[K]  )(!■))  , 

by  induction  hypothesis. 

luhfK) (a^ ,a^ , . . . ,a^) , 

where  we  again  designati  lu(>  ' [ K] ) (^ ) by  a^  , for  every  j,  1 £ j ^ n. 


Now  for  every  f^GK  , we  have: 

- i i. 

- f . a ....  a , 

1 1 n^ 

2 a.  , 

1 

where  we  again  designate  %)  *^y  • ior  every  j,  1 < j < n,  and 

f.  aj^ , . , , ,a^  by  a,.  Now,  we  know  that  t 'K]  is  a chain,  and  so,  because 
1 1 n •'  i 

of  that,  there  is  an  i,  say  i , such  that: 

J 

Y i > i > ~ “ lub(a  [K])(|).  (Property  P,  Paragraph  U.2.4). 

o 

Also,  for  every  j,  1 _ J _ n,  a chain,  and  there  is  an  i, 

say  i . such  that : 

J 

y i ' i.,  a!  - lub(a.  [ K] ) (?)  h a, 

- J J j J J 

(Property  P,  Paragraph  4..  . 

Finally,  since  K is  a chain,  there  must  be  an  i,  .say  i^^,  such  that: 
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^ ^ ~ K)(a^.a,  ,...,a^) 

where  a^,a  ,...,a^^  have  been  defined  above.  (Property  P)  . 

Now,  for  any  i ^ max  Si’  m ^ 

lub  .’  'K  ' a.  Since  i > i ) 

1 — o' 

= f . (a!" , . . . ,a^ ')  (Del.  of  a. 

If  n 1 ' 

a^,...,a^^}  (Since  I lor  every  i,  1 < j £ n) 

lub  K)  fa^ a^}  (Since  i > 

u [lub  K)](^)  (First  derivation  of  Case  (v)). 

This  completes  the  proof  that  lub(u  [K])=  cr  [lub(K)l  . 

‘♦.J.?  Continuity  of  ~ [ tj  and  a 


Cl  [ f j is  trivially  continue. >s,  since  it  is  a raonotonic  partial 


funct ion . 


At  the  lunctional  level,  we  have: 

tSHHEii-  ' be  a monotonitally  structured,  correct  term.  Then 

0:  is  a continuous  functional. 

Proof:  Let  K be  a chain  in  pf^(D),  and  denote  K"b  = [ f+  | f g K]  . 
Then  K+  is  a chain  in  mf^  Ij+  , and  so,  by  , we  have: 

~ [ lub  k"^)  ] = lub  . 

i-e-  V f d",  ' ilub'K+),  1)  lub(a  (K+])(f;. 

Now,  we  observe  that  lub(K+  = lub  K)"^,  and  that  a [ K'^]  = a [K]  on  d' 
therefore  we  have: 

r e d",  ' ['lub  K)'^]  T;  = lub  (a  [K])(?), 

''  Z e Cl  [ lub  K]  (F)  --  lub'j  [K]}(f)  , 
or:  1 lub  Kl  = lub  [(c  [ Kj ) , 

which  expresses  the  continuity  of  n. 
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4 .4  Existence  and  Characterisation  of  the  Least,  Fixpoints  o£  Monotonically 

Structured  Recursive  IJefuiitions 

4 .4  . 1 Least  Fixpoints  of  Monutonic  or  Cf)ntinuuu,s  Functiunais 

Let  M So  a sot  , and  m a mapping  of  M into  M.  \ fixpo int 

of  ra  is  an  element  s ol  M such  that  s = m(s) . 

Let  M,  ‘ bo  a partially  ordered  set,  and  ra  a mapping  of 
M into  M.  A h'ast  fixpoint  ol  m is  a i lypoi nt  s of  ra  such  that, 

for  every  fixpoint  t ol  ni , s »■  t . 

The  following  general  theorems  are  proved  in  Appendix  1: 

Theorem : If  M is  a partially  ordered  set  which  is  chain  closed  and 

has  a least  element,  every  monutonic  mapping  m of  M into  itself  has  a 
least  fixpoint  in  M. 

Theorem:  If  M is  a partially  ordered  set  which  is  chain  closed  and 

has  a least  element  a,  and  if  m is  a continuous  mapping  m of  M into 

itself,  then  the  least  lixpoint  of  m is:  lnb[m^(r)|  i ^ 0}  . 

(The  notation  m^  a)  , where  a e M,  is  dcf.'ned  inductively  by: 
m°(a)  = a;  Vi  ? t , m^^' (a)  - m(m^(a))). 

These  theorems  wi  11  enable  us  to  show  the  existence  and  give  a 
characterization  of  the  least  fixpoints  ol  monotonically  structured 
recursive  definitions. 

4 .4  Least  Strong  l ixpoint 

Theorem  Every  monotonically  striicte»"ed  recursive  defir  ition 

I'(x)  <=  t(F,x)  has  a monotonic  least  stiong  lixpoint  , ^ . In 

addition : 

^ r. 

f^  = lub  I i ^ O] 

Proof : By  definition,  a strong  fixpoint  of  the  recursive  definition 

is  a fixpoint  of  t.  Since  t is  monotonically  structured  and 
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compatible,  we  know  that  is  monotonic  over  itif  (l)+)  by  and 

even  continuous  over  nif^  D+),  by 

Now  the  undefined  function  of  pf^(D'^)  is  monotonic , and 

therefore  mf  has  a least  element.  We  also  know,  by  , chat 

n 

mf^(D'^)  is  chain  closed,  and  therefore  wc  can  apply  both  theorems  of  the 
previous  para^rapfi  with  M ^ mf^(l)^)  and  m = This  immediately  yields 
Theorem  •’ . 

h .h  , I. east  Weak  Fixpoint. 

Theorem  Every  monotonical ly  structured  recursive  definition 

F(x)  <=  .r  E,x)  has  a monotonic  least  weak  fixpoint,  , In  addition: 

= lub{7^(;.)  1 i ? C]  . 

Proof : Entirely  analogous  to  that  cf  Theorem  . By  definition,  a weak 

fixpoint  of  the  recursive  definition  is  a fixpoint  of  t.  Since 
--  is  monotonical  ly  structured  and  compatible,  we  know  that  t is 
monotonic  over  Pfp,(D)  by  §•'..".>  and  even  continuous  over  pf  (d)  by 

Now  has  a least  element,  the  totally  undefined  function  n, 

and  is  chain  closed  -‘t),  and  therefore  we  can  apply  both  Theorems  of 

Paragraph  U .4  . 1 with  M = and  m = ~.  This  immediately  yields 

Theorem  h . 

It  will  be  shown  later  Comment  , at  the  end  of  Paragraph  that 

^ extends  in  the  sense  that  s ^ fwliere  f*"  denotes  the  natural 

T T T ‘ 

extension  of  f,  as  defined  in  Paragraph 
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^•1  Introduction 


In  this  chapter,  we  essentially  provide  computation  rules  which  guarantee 
that  the  corresponding  computed  function  of  ..  monotonically  structured  re- 
cursive definition  is  one  of  the  fixpoints  of  which  we  have  proven  the 
existence  in  the  previous  Chapter. 

We  first  define  standard  simplifications  and  full  substitutions,  and 
give  the  full  ccxnputation  rule,  which  leads  to  the  least  strong  fixpoint. 

Then  we  describe  the  'standard  innermost  computation  rule'i  which  leads  to  the 
least  weak  fixpoint. 

We  finally  give  a large  class  of  computation  rules,  which  we  call  'safe 
innermost  computation  rules,  and  which  also  lead  to  the  least  weak  fixpoint. 

•2  Standard  Simplifications 

5-2.1  Standard  Simplification  Schemas  and  Rules 

De f ini t ion : A standard  simplification  schema  is  any  expression  of  the 

form: 

g Aj^,A^,...,A^  “♦  a I 

where ; 

(i)  each  A.  is  an  individual  constant  or  a term  variable  (a  term 

variable  is  a letter  which  stands  for  an  arbitrary  term); 
ii  no  two  term  variables  are  identical; 

''iii)  a is  an  individual  constant  in  c; 

Mv  the  equation  g f ^ a holds  for  all  values  of 

in  Dorn  g such  that,  if  A.  1,3  an  individual 

constant  a.,  then  F.  is  its  value  a . 

~i  ■ i i 

Intuitively,  this  says  that  a standard  simplification  schema  for 
some  given  function  £ corresponds  to  the  property  that  specifying  some 


of  the  arguments  of  g to  be  constant  causes  g to  be  a constant, no 
matter  what  is  the  value  of  the  other  arguments. 

A standard  simol 1 f Icat ior  rule  is  any  instance  of  a standard 
simplification  schema  where  all  the  term  variables  have  been  replaced 
by  arbitrary  terms  in  such  a way  that  the  resulting  lelt  hand  side  term 
is  correct . 

For  example: 

(a)  if  T tiien  .1  else  A a is  a standard  simplification  schema  for 


(b^ 


the  sequential  'if  --  then  --  else',  corresponding  to  the  equation: 
V X C : if  T tlien  a else  x ~ a. 

if  T then  a else  f x -♦  a is  a standard  simplification  rule  for 


the  sequential  'if  --  then  --  else'  connective  which  is  an  instance 
of  the  above  schema. 

(c'  if  T then  A else  I’.  -*  A is  not  a standard  simplification  schema  for 
Che  sequential  'if  --  then  - else'  connective  because  A is  not  c 
constant . 

d'  if  A then  B else  B -*  B is  not  a standard  simplification  schema  for 

the  parallel  'if  --  then  --  else'  connective,  because  the  term 
variable  B appears  twice  in  the  left  hand  side  expression, 
fe)  for  any  given  function  g,  if  (a^^  ,a2»  • • • i^p)  ^ Dom(g)  and 


a,  with  a / uj,  then 

a is  a standard  simplification  schema  (or  rule). 


f 


Notice  that  expressions  of  the  form  J 
g(A^,Ap,,,.,A^)  -4  ^ are  not  standard 


simplification  schemas. 


be- 


cause, in  the  definition  of  such,  the  rightliand  side  must  belong 


CO  C,  hence  cannot  be  u). 


(g)  If  ' Is  the  ordinary  binary  multipli* ation  over  the  integers 
extended  by  0 • a - -x  iKatural  extension),  then  ^ A 0 is 

not  a srandar.i  simplification  sciiemn  (because  the  equation 
0 • ^ ^ does  not  hold  lor  r x.  although  'C ,x)  G Domf*))- 

However,  il  is  the  ordinary  multiplication  over  the  integers 

now  extended  by  • , = 0 wl.icl.  is  a monotc^nic  extension  . then 

0 * A -4  G i •;  a standard  simplification  schema. 

At  this  point,  let  us  emphasize  that  there  are  a number  of  simpli- 
fication schemas  that  one  might  want  to  consider  other  than  tlie  standard 
ones,  but  the  fact  is  that  the  standard  ones  are  sufficient  to  obtain 

fixpoint  computations,  as  will  be  seen  later. 

Standard  simplification  rules  have  -he  obvious  following  properties: 

1 Let  s be  a standard  simplii  ication  rule.  Then. 

V f c p f 1)^  > , Y E ^ h , 'a'  f »T  ■>  * 

n ' - 

Proof:  Let  f ‘ P f^  » , ? C Then  wo  have: 

a =--  g V " a S ^ ^p 

some  a C C.  I f we  denote  f.f  bv  b^  for  1 _ i ill  P. 

we  kn.iw  that  ^b . ,b^.  . . . .b^)  C Hen  g . because  p is  a 

cornet  term.  And,  because  of  the  definition  of  a standard 
r Lmp  Li  f ication  rule,  we  have: 
g ,b.., . . . ,b^  ^ a , 

which  implies:  ^ f,^;  “ v f,?)  • " 


'?)  Also;  i 


pf  O',  Y f V f.'^)* 


Proof:  trivial  by  the  above  property  and  Lemma  ^.J.S.l 


J 


^ . 2 w Standa.  j inij  1 i 1 1 i at  ion  Relation 

Ik’tiiiitioi  ; I'll'  s i .1 'V  !a  rtl  s imp  I i f i i a i i mi  rtlntii'ii  is  a r>  lalivMi  bi^tween 
terms.  It  cons!  si*  >1  tlu*  sot  'f  paits  '1  tfims  >i!“  siicli  tlial 
a = ; 

b - j wlici"  ♦ f is  a st.Hulard  simplification  rule. 

I ll  i icl.t'  i Ml  wi  i 1 Icnal  I'd  'i  . 

Remarks : I li  ''’*2.  then,  ''  I ' pi  l/  , ' f ''  I'"*  ", 


l.F  ? f.'  . 

This  is  trivial  i i om  the  'bservation  at  tlie  end  of  the  previous 
paragraph  and  Lemm.'i  . '.1  of  Chapter 

(?,  If  , ■«  - and  , IS  eoirect,  b is  correct, 
i'riciai  liom  previous  remark  . 

' li  , ♦ - , liieii  |pl  ■ |crl  , wliere,  for  any  term 

*,  t - 1 denotes  itie  sixe  of  r i number  of  symbols  in  ^ 
Proof:  the  pr oof  is  immediate.  It  cumes  from  the  fact  that,  in 
a standard  simplification  rule  g = a,  t'le  length  of  the  right 

hand  side  is  strictlv  smaller  titan  the  lengtii  of  the  left  hand  side,  and 
{’.am  the  fa-  t tliat  wc  have  excluded  t-  - , when  , r • rigorous 
induction  argument  can  easily  be  built  using  these  two  etbservations . 

We  denote  by  the  transitive  reflexive  closure  of  That  is: 

s * 

ty  0 if  and  orly  if  r,  = c or  there  is  a positive 
integer  N and  a sequence  _ i Nl  such  chat: 

(a)  u - ’ ■) 


' V 


1/Thc  size  |^1  of  a term  t can  be  detined  inductively  in  the  obvic  s wav: 
|x  I = 1 for  every  i . 1 _ i _ n , j_c]  - 1 for  every  ^ e f . !_iu|  li 

1 - h ..  + l"pl+],  T^;l  = l'J+...+  l’J  + l. 
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(b’'  for  every  i,  0 < i • N,  j 

5*2.3  Stand/»rd  Simplifications 

Let  be  a term  free  of  x.  A standard  simplification  of  (y  is 

a sequence  of  terms  ^^4  ^^4  

such  that : 

= ■-  ; 

b ii  i C and  i*y  is  in  the  sequence,  then:  n . , 4 ry.  • 

i 1 -1  1 ’ 

c if  has  no  successor  in  the  sequence,  then  there  is  no  g 

suc  h that  , -4  ? * 
n 

Notice  that,  because  of  the  remark  2 above,  a standard  simplification 
is  necessar  ily  a f ini  te  sequence.  If  is  the  last  term  of  the  sequence, 

the  simplification  is  said  to  be  of  length  n.  A comparison  with  the 
definition  of  computations  in  ?.  Ji  .2  shws  that  a standard  simplification 
of  cy  is  in  fact  a finite  initial  subsequence  of  a computation  of  o* 

We  are  now  going  to  prove  an  interesting  property  of  the  relation  : 


Letnna : For  every  term  q.,  if  y -*  and  ly  4 then  there  is  a 

s * s ^ 

term  y such  chat  v and  y 

Proof : By  structural  induction  on  y: 

Cases  C i ) , c ii  4 ; iii  ) : if  j=x.,  or  ^ ^ e C,  or  o = u)» 

" X r-w 

then  the  result  is  vacuously  true*  since  there  can  be  no  p such  that 

O'  ^ P by  remark  2 above. 

Case  iv : o'  - r(  T,  t ' : this  case  can  be  subdivided  into  U 

■ ■ - ' i f'  P 

subcases : 

O'!  " i'^1 "i-l*'"i’'^i+l 


where 

1 


i 


1 


and:  " ! - 1 ’ j ’ “"j+l ' 


u ^ ' 

where  '• . * " . 


) , am!  1 


* i suppose  i ')  , for  example  . 


Then  we  can  tali  • - g -j , 


• • • j-1’  j’  i+i‘  p' 


since  we  i.aii  applv  . •*  -r  j in  l o gi  t.  -*  v>  and 


similarly  ■"  o,  will  givt' 


1 1 


IV-r  • , , = g - 


and  ; - g ' , , 


whe  re 


. 4 

1 1 ’ 


where  . 5 - ( ' . 

1 X 


In  this  case,  by  the  induction  hypothesis  on  we  know  that  there 


is  a term 

. such 

X 

1 ' s • 

flat  T , ' V 

i X 

and 

Therefore 

S ■ 

:>1  ♦ V 

and  / ^ V. 

c 

where 

= « *1 

'''r*“’'p 

• 

X v-j  ’■  ” K » where  ’ 

and  tiure  is  a standard  simplification  rule  : 

^ " 5.  "r  ■ - *’ 

Let  2 A . . . A , . . .A  ) -»  a be  a standard  simplification  schema  of 
S.  1 ’ ’ i p 

which  g Tp)  -♦  3 is  an  instance.  'Notice  that  A.  is  not 

a constant,  since  -r ^ is  an  instance  of  and  we  have  assumed  the 

existance  of  such  that  ^ -j’ • Then  £ > • • • » . • • • » £ 

is  another  instance  of  the  same  schema,  where  A^  is  replaced  by  the  term 

t'  and  all  other  A.,  j ^ i,  are  replaced  by  - . Iherefore 
i 1 -J 

o!  ^ ....t' -*  a is  a standard  simplification  rule,  md 

2.  1’  ’ i P - 

Q,  5 a = ri'y-  Therefore  y = rm  will  be  suitable- 


tv-^  : There  are  two  standard  simplification  rules 

g(Tp....Tp)  “»  Oj  = a , 
and:  ^ "*  ~ ^ ' 

/-w  I p c. 

Then,  let  f ‘ pf^  D '>  be  an  arblLrary  partial  function. 

* 1 1 — — _ . 

For  any  1)  , 1,E  It  a 

F f,?  b,  by 

the  obsi-rval  ion  at  the  end  of  •'  ,?.l  . 

Hence  a - b and  7 = will  bo  suitable  . 

o 

Comment : This  is  a Church-Fosser  property  for  the  standard  simpli- 

fications. See  Rosen  fl'"!  '. 

From  this  Lemma,  we  easily  aeduce  an  essential  property  of  the 
standard  simplifications; 

Lemma : All  standard  simplifications  of  a term  a terminate  with 

the  same  term. 

Proof;  By  induction  on  the  size  of  the  term 

''i)  l^l  = 1.  Trivially  true,  since  n has  no  standard 
simplification. 

fii)  Assume  true  for  all  terms  of  size  less  than  ly,  and 

assume  that  there  are  two  standard  rimplifications  of  qt; 


s 

s 

s 

s 

O' 

-4 

-4 

S 

! 

/ 

s 

s 

/ 

Of 

-4 

^>1 

-4 

^^2 

"4  , , 

'"n'  • 

lojk-jo'li  and  by  induction  hypothesis,  all  standard  simplifications 
of  terminate  with  the  same  lerra,  which  must  be  Similarly,  all 


standard  simplifications  of  -7^  terminate  with  the  same  term,  which  must 


Ncv,  by  the  previous  Lenma , wo  know  that  there  is  a temi  7 


such  that  , and  v*  But  jvl-  | y|  , and  therefore  all 

the  standard  s impl  i 1 icat  i ons  of  v nmst  leminate  with  the  same  term 
Yp.  Now  V appears  in  a standard  simplification  of  , which  implies 

O'  - 7 • SimilaiJv  1 - \ , Ir  >m  whitli  we  conclude:  o - n', 
n 'p  'n'  'p’  ''n  'n ' 


For  (‘verv  tenii  free  if  w<,  will  dt>note  by  Simp  o the 

common  final  t<-rm  u(  all  s'andard  simplifications  of  >. 

We  will  need  one  more  pi operty  of  standard  simplifications,  namely 
Lemma : Let  , be  a monotonically  structured  term,  free  of  x,  such 

that  ?y  , a~  for  seme  a c C not  x ' . Then  Simp  <7^  = a. 


Proof : Bv  stiuiiural  induction  on  0 , 


Case 

: excluded  • 

Case 

i i 7 - a ‘ 

C.  I hen  Simp  7 =a  • 

Case 

iii  , = j 

: excluded. 

Case 

■iv‘  . =■  g 

1 e'  p 

0 , 

k? 

H 1 ’ 

a • 

Let  us 

denote* 

1 

i,  hy  a^  f"r  every  i. 

1 1 t ^ p. 

We  have  g 

^i ’ ' ■ ■ ’^p 

a . 

Now  it 

is  eas'.  to 

see  that,  because  of  the  morotonicity 

there  is  a 

standarci  simplification  schema: 

g 

where,  for 

every  i,  1 

_ i P,  if  / OU  t'>Pti 

A = a.  . 
i .u. 

’f  g. 


^'The  notation  < f , 


, when  / is  tree  of  x , has  been  defined  in  611  .a  . 


[Let  arbitrary  element  of  Dom(g)  such  that  * a^ 

for  every  position  i,  1 _ i _ P»  such  that  4 oi*  To  satisfy  the 

definition  of  a standard  simplification  schema,  we  just  have  to  show 
that  g bj^.b^ b a.  But  this  is  the  case,  because  g is  monotonic 

and  ^p^  * *^2 * * * * * *^p^  ^ • 

Now,  by  structural  induction,  for  every  position  i,  1 £ i < P,  such 
that  a.  / (ju,  we  have  Simpf^.)  “ a . Let  us  denote  by  3..  for  every  i, 

1 ^ 1 ^ p,  the  term  defined  as  follows: 

If  >2  T,  fl  - 1j  . 

Otherwise,  • 

Then  we  have  the  following: 

S * ' s 

Ot  ~ 8 ^ ~*)  K Pi»***>6_'  “*  ® » 

and  since  a is  the  final  term  of  this  standard  simplification  of  jy, 

we  have  Simpfr/)  = a , which  proves  the  property  for  this  case. 

*'v  o “ r »o'o»  • • ' • 

12  n 


this  case  is  excluded,  because  ) = 


UJ. 


5 .3  Full  Computations  £ 

5. 3-1  Full  substitutions 

Let  o be  a term  over  some  alphabet,  and  let  Ffx)  <=  t(F>x)  be  a 
recursive  definition.  Then  the  result  of  substituting  F by  its  definition 
for  all  occurrences  of  F in  ry,  which  we  call  full  substitution,  is  a 


Tliis  section  owes  much  to  discussions  of  the  ..athor  with  J.  Vuillemin  . 


term,  denoted  Fsubst 


I , and  which  can  be  defined  inductively  in  the 


obvious  way: 

( i ) - 'Hi 
'i\0 


! - X.,  c,  or  uu  : Fsubst  { 1 1 - > \ 

1 • -W  ^ 1 

' = « '-«J  , . . . .Op)  : 

Fsubst  ' I = n Fsubst  ''(z, ) , . . . , Fsubst  ''u  ))  \ 


'v'  t - F(  , . . . , : 

0 j 

Fsubst  (Ci)  - T (F  , (Fsubst  ^ , Fs  jbst^ (!■/ ^)  ) ) -^, 

If  t is  free  ol  x,  it  is  clear  that  one  may  go  from  a to 
Fsubst  (j:)  by  applying  intermediate  steps  b."^  of  the  definition  of 
Computations  in  2.1*  .2.  Tliis  means  that  F'subst  (a)  is  allowed  to  be  the 
term  following  O in  a computation. 

Full  substitutions  have  the  following  interesting  property: 

Lemma ; Let  ( be  a correct  term  over  some  alphabet  and  let 
F'x)  <=  T F,.x)  be  a recursive  definition.  Then: 

F subst^  (a;  = '^  . T . 

Prop  f ; Hy  definition  of  the  functionals,  the  above  statement  is 
equivalent  to: 

Vfe  pf^'D"^,,  FvibltT^t;  [ f]  =(a.^)  [f] 

= 'i[~'  f]]  Definition  of  functional  composition 
Yf€  pf^^D+;  , Fsublr^[l  /')  ^ t'[  f j(f) 

Yfe  Pfn(D'^..  V'e  'D+j",  H^t^  ' 7 f - a(?[  f]  ,f)  , 

We  prove  tlie  latter  statement  by  structural  induction  on  Ol. 

Case  fi)  '-/  = x.,l^i-'n. 

■ — ^ 1 — — 


1 .e 


1 .e 


Then 


: Fsubst  'o')  (f,f'  H , 


and  : f 1 , f ) F ^ , 


^The  notation  6^^) ) has  been  defined  formally  in  6 2.4.1. 


88 


Full  computations 


+ xH 


Definition.  The  full  computation  of  a term  ^(F.x'  for  x = c C (D  ) , 
using  a monotonical  ly  structuretl  recursive  definition: 

I'  X ■ - -r  F,x)  , 


is  a sequence  of  terms  such  tiiat: 


o 1' 


F,c  , and  lor  every  k _ 0: 


'^’2k+l 


htmp 


T'k 


o, , , ~ Fsubst  (■,  , 

Dk+D  ^ :^k+l 


It  is  clear  lhai  a lull  computation  is  also  a 'computation'  in  the 
sense  of  " D.h.d,  because,  as  we  already  observed,  one  can  fill  in  inter- 
mediate steps  between  q/.  , and  Simp  c^,'  which  satisfy  case  fbl)  of  the 

t.  K 

definition  in  ^ < .+  .r.,  and  similarly  between  and  Fsubst^',->^j^.^.j^)  to 

satisfy  case  (bD  . 

I;  . 5 . Theorem  ^ 

VJe  will  now  show  that  the  full  computation  actually  loads  to  the  least 
fixpoint  of  ^ for  a monotonically  structured  recursive  definition  F(x)  -=t(F,x). 
Wo  will  first  prove  two  lemmas. 

Lemma:  Let  I i ' be  the  full  computation  of  c^(F,x)  for  x = c, 

^ 1 ' - 

using  a monotonically  structured  recursive  definition  F x'  t(F,x^. 

Tien,  for  every  K _■  0,  f )r  eveim.  f € have: 

^ ^ 
o^k  '^2k+l  °'o  ■ 

Proof  I By  induction  on  k. 


^0 


( i ) k = G • 

since  ^ is  the  identity  functional. 

Then  (yj^  = Simp(o,^)  and  therefore  “ ^o»  remark  1 of 

6 


(ii) 

(a) 

5. 


Assume  true  for  k-1,  prove  it  for  k. 

, and  therefore,  by 


.2,  S lice  (— ) have: 


k k+1  , 


Remark 


1 of 


^2k  ^ therefore,  by  the  Lemma 

of  Section  S-3i  we  have: 

% ' * s^k-r  ^ 

= a.  ^-1 

% ’ ^ • ^>  by  induction  hypothesis. 

~ > by  associativity  of  functional 

composition  and  definition  of  V . CD 

We  can  now  prove  the  following  Lenma  which  is  of  interest  in 
its  own  right: 

Lemma : Let  o be  a monotonically  structured,  correct  term. 


F(JT)  <=  t(F,x)  a monotonically  structured  recursive  definition, 
and  c an  element  of  D^)^.  Let  ^ denote  the  least  fixpoint  of 

T 

and  let  a denote  an  element  of  A*  Then: 

(1)  The  full  computation  of  ly  for  x ~ c using  the  recursive 

definition  terminatej with  a if  and  only  if:  ,c)  - a . 

~ T 

(2)  The  full  computation  of  y for  x — c using  the  recursive 

definition  does  not  terminate  if  and  only  if:  a''r  ,c''  ^ o). 


4 


Proof:  Note  that  (2)  directly  follows  fron  (1)  and  from  the  fact 

A ^ 

that  a is  correct:  ,Z)  is  in  and  if  it  is  not  in  ^ it  must 

T 

must  be  (jf. 


To  prove  (1\  we  first  note  that  if  the  computation  terminates  with 
a,  Lemma  ’ immediately  tells  us  that  S't  ,T'  a,  s-'nce  f is  a fixpoint 

^ ' T T 

of 


So  it  remains  to  be  shown  that  if  ry(  1 ,c)  - a,  the  full  computation 
of  a for  X = 3 terminates  with  a. 

A , 

We  know  that  - lub  ^ q]  | i _ because  of  Theorem  3 (Chapter 

h,  f li.h.2). 

Let  r I i 2.'  ^ ^ be  the  full  computation  of  for  x = c.  Since  a is 
monotonically  structured,  y = y(F,^  is  also  monotonically  structured,  and 

O 

therefore  o is  continuous  over  mf  (D  ) by  3 4.3.^.  But  i C mf  (D  ) by 
o n ' n ^ 

Theorem  , and  then  fore  we  have: 


lob  <'>'  f .]  I i ^ C}''  = Itib  [q]|  i £ C}, 


i .e . 


; - lub  I i ■ 0] 

O T O * 1 - J 


r 

'y. 


But:  V T c y ] (=■)  - y <f  ,r) 


o‘  T 


O T 


- y (f  , ) , since  » is  free  of  x, 

O T O 

= a ^ ,r,  (Hypothesis)  . 

Therefore,  by  definition  of  tlic  lub,  for  every  T g(D^)'^,  there  must 


be  an  i -•  0 such  that; 


o . .1  ('  G ) a . 


But,  by  the  previous  Lenina,  we  know  that,  for  every  i >o, 

“21+1  ^ • 

Hence,  for  every  ^ c (D^  there  exists  an  i ^ 0 such  that: 

f--'  '^i  ' ’ ^ 


a . 


But,  bv  the  [.erma  of  ^ , we  know  that  this  implies  that 

Siinp('fj  .)  = a, 

''"”ce  , = Simi)'  = a,  wiiich  proves  that  the  full  computation 

of  -j  for  >;  - c tv rmi nates  with  a. 

CZ! 

As  a direct  consequence  of  the  previous  Lemma,  we  get: 

Theori^L^:  For  a monotonicai ly  structured  recursive  definition,  the 

partial  function  over  computed  by  full  computation  is  the  least 

strong  lixpoint  of  the  recursive  definition. 

Proof;  Let  F x,  = t(F,x  be  a monotonically  structured  recursive 
definition,  let  be  the  partial  function  over  (D^)"  computed  by 
full  computation,  and  let  f_  denote  the  least  strong  fixpoint  of  the 
recursive  difinition.  By  dclinition  of  f^ , if  the  full  computation  of  F(x 
for  X = c terminates  with  a,  then  f c a.  But,  by  the  previous 

Lenma  used  for  ^ - F x>,  we  also  have  (c)  r a in  that  case.  If  the 

full  computation  of  F x,  for  x = 7 does  not  terminate,  f^(c)  - (4,  by 

definition  of  f^  and  a:  hy  the  previous  Lemaa. 

Hence:  f = ^ . 

^ ^ □ 

5 Standard  Innermost  Computations 

" • 1 Parallel  Innermust  Substitutions 

Let  , be  a term  me-  som  alphabet,  and  let  F(x)  --  t(F,x)  be  a 

recursive  definition.  Then  the  result  of  substituting  F(b)  by  T(F,b) 

where  b r C , for  all  occurrences  of  such  terms  in  which  we  call 
parallel  innermost  subst  tntion,  is  a term  denoted  Psubst  (a). 


vn 


which  can  bo  dcfinod  i mliict  ivoly  in  the  obvious  way: 


i ' - i ii  ' u “ X . . c or  j r 

1 »*W 


I iv; 


i’Subst  r/  = ->  . 


Psub.st  r,  ^ 3 Psubst  Q.,  ) , . . . , Psubst  (q 
~ " i - P 

v)  ',=  I-  • • • ,0^) : 


if,  ior  every  i,  l<  i;_n,  cy.  = a.,  a.GC, 
then;  Psubst  {a)  = t(F,  a , 

otherwise,  Psubst  '»)  = F'Psubst  (cy  ) Psubst  (f^  ))  . 

If  cy  is  free  of  x,  it  is  clear  that  Psubst'' cy)  can  be  derived  from 
cy  by  applying  intermediate  steps  b2)  of  the  definition  of  'elementary 
canputat ions ' in  2.'i.2.  Actually,  these  steps  verify  the  condititns  of 
2.ir,5,  SO  Psubst^  cy'  is  allowed  to  be  the  term  following  ^ in  an  innermost 
computation . 


.2  Standard  Innermost  Computations 
Definition : The  standard  innermost  computation  of  a term  cy(F,x) 

for  X = c r d",  using  a recursive  definition  F(x'  <=  - F,x),is  a sequence 
of  terms  cy.  such  that  : 

I 


and,  for  every  k >G: 
j ^2k+l  " Simp(o^^' 

( ^k+?  " "-'.k+l''  , where  the  notation  3imp(,;>) 

has  been  defined  in  5. '^•2  and  Psubst  (cy)  i>*  '''  5*-.  i 


It  is  clear  that  a standard  innermost  computation  is  an  innermost 
computation  in  the  sense  of  ' 2.1+.5. 


Theorem  ( . 


We  will  now  show  tliat  the  Standard  ctnputation  rule  actually  leads  to 
the  least  fixpoint  of  ~ for  a monotoniea 1 ly  structurod  recursive  definition 
F(x)  •■=  -(K,x). 

Lee  us  denote  by  f^  the  partial  function  over  d”  wliicli  is  the  com- 
puted function  of  ilie  recursive  definition  i’  x)  •=  t'F.x)  by  the  standard 
computation  rule. 

We  first  provt  : 

Lemma : Let  y F,x'  be  a correct,  monotonically  structured  term,  and 

i X •-  tiF,x)  be  a monotonically  structured  recursive  definition.  Then, 
for  every  T o n” ■ 

1.  i '■  the  st.uulard  innermost  computation  of  rj  for  ^ = T using  the 
recursive  definition  F x)  - '(F,x  terminates  with  a constant 
tern  ;i  C,  then: 

o i^.c)  £ a, 

. otherwise:  '^ff^.c)  . 

Proo_f:  We  proceed  by  structural  induction  on  3,. 

_ i J ' i ii  ) 0 “ X , O'  = a r c,  o ~ au-  trivial. 

££lSLiy:  o = g(o, . 

X I) 

\ : ijmc  the  Lemma  true  for  every  o.,  1 j ' p. 

’•■.’e  have : 

1 ,Z)  = gfoj^f  f^  ,c  j , . . . ,Op  l_^,cj)  by  2.^.2  a'i^,  since  o Is  correct. 

Let  us  de.->ignate  Oj'lj,,^  by  a.,  for  every  j,  1 _ j _ p and 
K > • • • « *^ ' •’y  ^ • 

(.(  cause  ol  the  definition  of  the  standard  innermost  computation  , 

9b 


we  have 


and  for  every  i, 


~ .some  N,  0 N _ 


^ 1 ''■»  when.,  for  every  ^rVjlO;_;i^  M) 


consists  of  the  N'  + 1 first  elements  of  the  standard  innermost 
computation  of  for  x = c using  f’(x)  • - ■r('i’,x). 

Oniy  two  cases  may  occur:  N is  infinite  or  is'  is  finite. 


t'ase  iv-a  : V = ^) 


In  this  case,  we  must  have  b = jj;.  For  assume  b j Then 
let  J be  the  set  of  indices  between  1 and  p such  that  the  standard 
innermost  ccmputation  of  q/^  for  x = c using  F x)  <'-  t(F,x)  terminates. 

By  induction  liypothesis,  we  know  that,  for  every  such  j e J,  the  standard 

innermost  conputation  of  ry.  terminates  with  a . 

J ~j 

Now,  let  k be  the  smallest  Integer  such  that,  for  every  j € J, 

a:  “ (if  J is  empty,  then  k = 0;  otherwise,  k is  the  first 

J ~J 

integer  for  which  all  the  terminating  standard  innermost  corriputations 
of  's  have  actually  terminated  in  k steps' . 


We  have  : 


_ / k k.  k 

®k  ~ Jl  '1  ’ ■ ■ ' ’^p' ’ '^here,  for  every  j C J,  ~ ^ j ‘ 

Sumna rising  what  we  know  by  induction  hypothesis,  we  have,  for 
for  every  j , 1 _ j < P : 


if  j C J,  then  a, ' f a.  C D ; 

J s J ' 

if  j ^ J,  then  ^ (f  ,c)  ' a = uj  . 

J ® J 

But,  since  g is  mcnotonic  and  g (a  a a ) b /'  au , 

I c p 


there  is  a standard  simplification  schema  : 

g(A  ,A,  , . . .A  ) _ b, 

~ i ^ p ~ 


whe  re , 


for  every  j G J , 


Hence  we  have  the  simplification  rule: 


/ k k kv  , 

£\  > 0^ Qfp  j -«  D , 


But  this  m.?ans  that  Sijnp(cy  ) = b . 

K 

Now  If  k is  odd,  this  is  a contradiction,  because  we  must  have 
«k  “ Simp(c^) , 


If  k is  oven,  this  means  that  - b,  since  = Slmp(c^) 

in  this  case.  But  this  contradicts  the  assumption  that  the  computation 

of  ct  does  not  terminate. 

Hence,  the  assumption  b 4 U)  was  false. 

In  this  case,  we  must  have  u(f  ,c)  = u)  and  the  standard 

s 

innermost  computation  of  a does  not  terminate. 


Case  iv-b:  N < od 

N N ^ 

We  have;  = gtoj  Op  ) and  * a,  since  the 

computation  of  a terminates  with  a. 

So  there  must  be  a standard  simplification  schema: 

.A^,  . . t.Ap)  -•  ^ I 

N N 

of  which  gta,  ) — a is  an  instance. 

~ 1 P ' 

This  means  that: 

(a)  there  must  be  an  equation: 

8(^1»^2*’*’^P^^®  (E; 

and  a subset  J of  the  indices  from  1 to  p fjuch 
that  E holds  for  every  tuple 


‘If 


, . . • .?p  e Dom(g) 


b ) 


sucti  that  i G J rs  F,  = b.,  where  the  b.'s  are 

j J J 

individual  cor  tants  in  /\  not  up). 

N 

For  every  j G J,  a.  - f"*  ; , where  b.  is  the  constant 

J J 

defined  in  (a). 


But  (b)  implies  that,  for  every  j G J,  the  standard 

innermost  computation  of  a.  for  x = c terminates  with  b. 

J ~J 

Hence,  by  the  induction  hypothesis,  it  must  be  that: 

j G J » 


a . ( f , c ) = b . . 
j'  s J 


Now  we  know  that  .* 


o f^.c)  - g'aj(fg.c) 

= g aj^,...,ap),  by  definition  of  the  a.'s, 

Hence,  tlie  tuple  belongs  to  Dom(g),  because 

a is  assumed  correct,  and  is  such  that: 

j G J =^  a . = b . . 

J J 

Thus  equation  i'E)  holds  for  this  tuple  and  we  have: 
a'fg.c)  H g(aj^ 3p)  £ a . 

To  summarize:  in  case  iv-b:  "nf  f ,c)  = a and  the  standard 

innermost  computation  of  a terminates  with  a . 


Cases  iv-a  and  iv-b  cover  all  the  possibilities  for 

case  iv,  so  we  have  proved  the  Lemma  for  a - g(a-,,‘‘>a  )• 

1 P 


r/: 


Case  V : 


Of  ~ F' Of,  .Qfo  » • • • .O'  ) • 

L c n 

In  this  case : 

if  3j.  1 i j 6 n,  such  that  aj(fg.c)  - o)  , then  s ^ ^ 

otherwise;  a(fg,c)  = 

(By  2,  ^>.2.  a v),  since  a is  correct)  . 

Because  of  the  definition  of  the  standard  innermost 
cociputation  of  y,  we  must  have: 


Q'i  “ F(cr|^ , . . . .Qf^)  for  some  N,  0 S N i <=d  and  every  i, 

0 i i N,  where,  for  every  j,  1 5 j s n,  | 0^  i s n| 

is  the  standard  innermost  computation  of  for  x = c using 

F(x)  <=  T (F  x) . 

Case  v-a:  If  the  standard  innermost  computation  of  a 

for  x = c terminates  with  a,  then,  for  every  j,  1 s j s n, 

<“W 

the  standard  innermost  computation  of  a.  for  x = c must 

terminate  with  some  a.,  a.  C D and  the  standard  innermost 

~J  J 

computation  oi  Fa,,..., a ^ must  terminate  with  a. 

~n  ~ 


Hence 


, by  induction  hypothesis,  ^ j n,  a.'f  ,c)  = a , and 

J s j 

fg  1^  ) " fg(®^'  ^s  ^ ' 


( Induct  ion  liyj'otlies j s ! 


f 


a 


(Dofinitiun  af  f ('a,,... a 'i ) 
s L n ■ 


Last.-  v-b:  If  the*  standard  innemnst.  crjinputat  ion  of 

for  X - c does  not  terminate,  then  two  subcases  may  appear: 


v-b 1 . One  of  the  standard  innermost  computations 

of  Oj  for  X = c does  not  terminate,  for  some 
j,  1 ■-  j •-  n.  Then,  by  induction  hypothesis,  for 
that  j,  wi  liavc : 


l/.(i  .c' 

^2'  s’ 


X . 


Hence  ‘Jif^,c'  j)  by  f.J.S  a ^v)  . 

v-b'^ . For  every  j , ^ ' j -c  n,  the  standard 
innermost  computation  of  for  x = c terminates 
with  a.  r C,  and  tlie  standard  innermost 
computation  of  F a,,..., a Joes  not  terminate. 
Because  of  the  induction  hypothesis,  we  have: 


V. . 1 < j 5 n,  o,  f ,c' 

J J s’ 

is  correct,  we  must  have  • 


.c 


/ i • 


. But  since  a = 

• • fg.c)  '•  C (d"^) 


Hence , 

^ j < n,  cr.  f ,c''  = a.  c 

■ D , 

J S J 

^g(^l ’ • ' • ) Induction  hypothesis 
X Definition  of  f^^a^ a^) . 


So  in  both  subcases  of  case  (v)  whore  the  standard  innermost 
computation  of  ! for  x = c docs  not  ti'rminate,  we  have 
~(1^,C  uu. 

Ihis  completes  the  proof  for  case  (v)  and  for  the  Lemna . 

CD 

from  this,  we  can  now  deduce: 

Tjieprcm  ■ : For  a monotonical ly  structured  recursive  definition, 

the  partial  lunction  over  computed  by  the  standard  innermost 

computation  is  the  least  weak  fixpoint  of  the  recursive  definition. 

Prop  1 . i.et  1 X • = T F,X;  by  a monotonically  structured 
recursive  definition,  and  let  be  the  partial  function  computed  by 

the  standard  innermost  computation  rule  using  this  recursive  definition. 

Let  c c d'^. 

The  stand  ird  computation  of  F(x)  for  x = c starts  as  follows: 

, = F c 

o 

= Simp  i - F(c  ) 

< = Psubst  '’a,'  = F,c) 

But  the  first  term  of  the  standard  innermost  computation  of 
^ 'F  ,x,,  for  X - c is  t 'F  ,c)  . 

Hence  those  computations  either  both  terminate  with  the  same 
term,  say  or  both  do  not  terminate. 

The  previous  lemma  applies,  because  F^x)  and  t{F,x)  are 
both  correct  and  monotonically  structured,  and  thus  we  have: 
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If  both  computations  terminate  with  a; 

F(S)^f^.c)  H f^(c)  . a. 

T(F,x)(f  ,c]  'T(f  ,c)  ^ a; 

a S 

If  both  computations  do  not  terminate: 

fgCc)  ^ C , 

7(f^,c)  H tt»  . 

In  any  event,  f (c)  ^7ff  ,c) . 

s s ' 

Since  c was  arbitrary  in  d",  this  shows  that  f is  a 

s 

fixpoint  of  T. 

Now,  by  Theorem  ?,  since  f^  is  a computed  function  obtained  by 
innermost  computation,  we  know  that  f^  must  be  the  least  fixpoint  of  7. 

Comments:  1,  Notice  that  W3  have  not  used  Theorem  4 in  the 

proof  of  Theorem  . In  fact  the  proof  of  Theorem  6 is  an  alternate 

way  of  proving  the  existence  of  a least  fixpoint  of  t'.  So  far,  the 

author  has  not  been  able  to  relate  the  proof  of  Theorem  6 with  the 

fact  that  = lub  {t  [52]  [ i > C]  , which  is  known  by  Theorem  4. 

. Theorem  6 tells  us  that  is  a computed 

function.  Therefore,  by  Theorem  1,  we  know  that  ^ must  be  an  extension  of  f 

T t’ 

or  rather: 

T T 

(Since,  e pf^fD)  and  e pf^(D'*’)).  This  fact  was  not  apparent 

from  the  set-theoretic  characterizations  of  and  ^ provided  in 
Theorems  3 and  4 . 
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5 -5  Safe  Inneiniost  Computations 


This  section  describes  a large  class  of  innermost  computation  rules 
which  also  lead  to  the  'east  weak  fixpoint  of  the  recursive  definition, 
and  which  we  call  safe  innermost.  Roth  the  standard  simplification  rules 
and  the  standard  substitution  rules  are  extended  to  provide  more  convenient 
and/or  efficient  rules  to  compute  the  least  weak  fixpoint  . The  standard 
innermost  computation  described  in  Section  5-0  appears  as  a special  case 
of  safe  innermost  computations.  The  safe  innermost  computation  embody  all 
previous  methods  known  to  us  to  lead  to  the  least  weak  fixpoint. 

We  first  describe  the  safe  innermost  computation  rules,  then  prove 
Theorem  7 which  says  that  they  lead  to  the  least  weak  fixpoint, 

5 • • 1 Safe  Simplifications 

A safe  simplification  schema  is  any  expression  of  the  form: 

g(Aj^,A,  • Ap ) ' B j 

where  : 

(i)  each  is  either  an  individual  constant,  or  uj>  or  a term 
variable; 

(ii  ' B is  either  an  individual  constant,  or  uj  or  a t*  nn  variable 

which  is  identical  to  for  some  j . 1 < j < p; 

(iii)  the  equation  ^ . ,Fp)  = T1  holds  for  all  values  of 

" C 1 >?p  >•••'?  ' such  that : 

i ^ P 

(iii-l)  < Pp  > c Dom(g); 

(iii-:*)  For  every  i,  1 i < p,  if  A^  is  a constant 


a . 
~i 

then  F.  a. , i f A.  is 

= i 1 1 

$ 

then  r-  uj; 

For 

every  i,j,  l<i,  j<p, 

if 

A.  and  A. 
1 J 

the 

same  term  variable,  then 

f . 
1 

^ ■ 

(iii-Ji)  If  B is  an  Individual  constant  b , then  T1  s b;  if 
B is  x then  T1  . x',  if  h is  the  term  variable  A 

.1 

f < j < P . then  h = ? . . 

Comment : It  is  obvious  from  the  definition  that  a standard  simplification 

schema  is  a safe  simplification  seiit'ma.  Notice  that  we  don*t  exclude  two 
term  variables  to  be  identical.  "ntuitively  this  means  that  one  may  decide 
to  simplify  on  the  basic  tl:t  two  terms  are  formally  identical,  if  the 
corresponding  equation  holds. 

A safe  simplification  rule  is  any  correct  instance  of  a safe  simplifi- 
cation schema  where  all  the  term  variables  Ai's  have  been  replaced  by 
arbitrary  terms  's  in  such  a way  that  Vi,  j,l<i,j^p,  if 
A.  = A.  then  T,  ^ and  where  B,  if  it  is  the  term  variable  A^ , has 
beer  rep^'aced  by  . 

Exampl  es  : 

(aj  All  St  ndard  simplification  rules  are  also  safe  simplification 
rules  . 

^ A B -<  A,  for  the  sequential  'i f-then-else ' 

connective,  is  a safe  simplification  schema  which  is  not  a 
standard  one  (cf  example  (c)  in  K 5.2.1) 

^ parallel  'if-then-olse ' 

connective,  is  a safe  simplification  schema  which  is  not  a 
standard  one  (cf  example  (d)  in  ^ 5*2.1  ).  It  corresponds 
to  the  equation: 

V 5]^  €{T,F}^,  V f , e if  then  else  ^ , 

valid  for  the  parallel  'i£-then-else ' connective. 

lO 


fd)  If  is  Llie  ordinary  binary  multiplication  over  the 

integers  extended  bv  0*  ' r , we  have  seen  in  Kxample 

Cg)  of  . .1  tiiat  'A  » 0 waa  not.  a standard 

simpi  i 1 icat  ion  schema,  b<cause  tlic  corresponding  equation 
did  not  hold  on  the  whole  Domain  of  For  the  same 

reason,  it  caiUK^it  be  a sali'  simplification  scliema  cither. 

A safe  set  ol  simpi i 1 icat ion  rules  is  any  set  ol  simplification 
rules  which  contains  the  set  of  standard  simplification  rules. 


' . Sale  Innennost  Substitutions 

The  sate  innermost  substitutions  are  innennost  substitutions 
performed  on  certain  key  positions,  which  we  are  now  going  to  define: 

Dti f inition : Let  g(  tj  dt  be  a correct  term.  Let  J be  the 

set  of  indices  corresponding  to  constant  terms,  i.e. 

J = f .1  1 1 _ j L:  P and  e C } . 

An  tc-set  1 of  the  given  function  g in  that  term 
is  a set  of  indices  such  that  the  equation: 

g^F  pP  , . . .?p)  X 


hold 


s for  every  tuple  ^ ^ Doni,g)  such  that 


(1)  Vje  J,  - aj  , 

(?)  I ? J = 0 and  V i e I.  ^ uj. 

In  other  words,  an  uj-set  is  a subset  of  che  indices  such  that,  if  all 
the  corresponding  arguments  are  undefined,  then  the  whole  term  becones 
undefined,  for  all  values  of  the  other  arguments  respecting  the  caistant 
terms . 


Notice  that  the  union  of  two  u)-sets  of  g in  a term  is  also  an 
'u-set  of  g in  the  term. 
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We  now  proceed  to  define  inductively  sets  of  key  occurrences  of  F in 
which  to  perform  safe  inncnnost  suhst  it  it  ions  in  a eoi n ct  term  i: 

(i)  - (iii  ' = , c or  ^ ; no  suhst itnt  ion  to  periorm. 

(iv)  ! g(,C(  } : select  ,in  -i-sct  I of  g in  i, 

L , P 

as  discussed  above.  To  obtain  a s<t  oi  ki v occurrences  of  F in  u,  pick 
a set  of  kev  occurrences  '>i  i in  each  ■>  i the  Cf.  's  for  '-very  i I , and 

1 j . > 

form  the  union  ct  them. 

’ - - 

-it  ai!  for  i _ i n are  individual  constants  in  C 

then  tliis  occur?  i nee  oi  f is  a key  occurrence. 

-otherwise,  to  obtain  a set  of  key  occurrences  of  F in 
a,  pick  a set  of  key  occurrences  of  F in  each  of  the  a/s,  for  1 < i < n. 
and  form  tiie  union  of  them. 

Comme  nt . 

1)  Notice  thit  this  is  not  a deterministic  process.  In  general,  there 
will  be  manv  sets  of  key  occurrences  of  F in  a given  term,  according  to 
which  j;"set  of  the  g's  we  pick  during  the  process. 

'}  Notice  that  in  Case  v we  do  not  select  an  occurrence  of  F 
corresponding  to  a term  F(tj,....t^)  in  which  some  of  the  i^'s  arc  not 
individual  constants  even  though  the  might  not  contain  F) . Also, 

an  being  ^ prevents  the  F of  F(ij  , . . • ,a^)  from  lieing  a key 

occurrence.  This  is  of  minor  importance,  howeycr , since  the  definition  of 
an  innermost  computation  would  not  permit  substitution  in  such  a position, 
even  if  we  had  included  it  in  the  set  of  key  positions. 

Example : Take  U = if  P F,x  then  A'F,x)  else  B(F,x). 

Ca)  Suppose  that  ' i f -then-e lac  ' is  the  sequential  conn^'ctivc 


Then  it  has  live  j)-«eis  in 


I 1)  , { 1 , ),  { 1 , ■ I ! . . } • 

So  ans'  set  ot  I'ev-oct  urietues  ol  I in  P (•,>;  will  he  a set 

ol  ke\  occurrences  o;  i in  j;  s iin  i 1 ai' 1 y , tlie  union  o 1 any 

set  ol  kev -occ urrer^i s ol  F in  A i ,x  with  any  set  ol  key- 

occurrences  I 1 in  K F,\  will  be  a set  ol  ke v -occc r -ence s 
o 1 F in  ; , et  c . . . 

b Suppose  now  tliat  ' i t -t  hen -e  1 se  ' is  the  parallel  connective. 

It  onlv  has  four  x-sets  now  in  j,  namelv: 

• 1 . j . I I . 

Suppose  that  we  have  picked  { , *}  aud  that  after  some 
comput  a t i on  . tlu  teriTi  / has  become: 

£ - it  i’  i tjuui  a else  H (f,x 

h'ow  , ' i 1 -the  n-c  1 se  ' i)nly  has  one  't-set  in  g,  namely  1.1, ''j. 

This  means  intuitively  that  computing  in  position  1 alone  or 
in  positi)!  alone  wcuild  be  unsafe). 

. . ' Sale  lime ''mi,  St  (■' )mputations 

De  : i ni  t icni  : A s.ife  innermost  computation  of  a correct  term 
for  X = c t 1>"  usin;  tlie  recursive  definition  t'x)  - - F ,~)  is 
a sequence  ol  terms  \ | i _ such  that; 


''b)  For  evoiy  hi;  : 

blj  ' 1 obtained  from  a by  ■.  ^.'lecting  a 

safe  set  ol  simplifications  and  applying 


J 


lluTi,  in  any  ordor . until  no  more  can  be  applied. 

b I i obtain'd  ! ri'm  • , , b,  n rliirmin^ 

k+  K-fi 

iniu  rru'-!  subbt  > ! at  ions  in  a set  o!  key 
occurri  ’ues  of  i in  ' + i 

Comment  : 

In  general,  ili-n  itn  in.inv  s.iti  innermost  computations  ol  a yiven  term, 
since  at  lacb  step,  we  havi  the  elioice  ol  which  safe  set  of  simpl  i i icat  ions 
to  pick,  and  which  set  of  key  cccurrencrs  of  F to  pick.  These  clioices  may 
vary  from  step  to  step,  an)  ma  ■ i ven  be  context  sensitive,  i.e.,  one  may  very 
well  decide  to  make  the  chc'it'.  i kev  occurrences  o.  1 in  a term  on  tlic  basis 
of  the  environment  of  that  term. 

The  rest  of  the  Ch  ipter  is  devoted  to  prove  that  anv  computed  function 
computed  by  safe  innermost  computation  is  the  least  weak  fixpoint  of 
the  recursive  dctinltion. 
b • 5 • * Theor  m 

Subcomputat ion  ■ 

Dc  fi  nit  ion  : L<-t  { '■  | i } he  an  innermost  atation  . 

A subcomputatio  i of  this  c ix  nutation  is  a sequence  ol  consecutive  subterms 
of  , for  Nj  i _ N . hith  form  a computation  sequence. 

.N'  can  be  f nit  or  infinite,  and  accordingly,  the  sub- 
computation will  be  linite  or  inlinit.  subenmput a*"  ion  is  said  to 

terminate  if  it  readies  a t'  rm  which  s ndividual  constant  in  C. 

A subcomputation  can  be  li  i te  and  not  terminate,  in  the  case  where  the 
position  corresponding  to  t' e subcomputation  disappears. 


For  example  , it; 


— f 


< .a,)  9..  -Bi^)  -’  — 

is  an  innermost  computat  ioti , then: 

l6j,3  ,3..  , p,  t ,3^  , • . .}  and  { ^ ' J arc 

subcomputat  ions . Tlic  si.coiid  one  is  finite,  hut  may  not  liave  terminated 
if  f,  is  not  an  individual  constant  in  C. 


A W(- 1 1 - founded  ord(.-iiii^  on  1) 

• fj 

We  now  Ki^'c  a we  1 1 - lounded  , strict  p.'n'tial  ordering—  on  b , 


denoted  by: 

Def init  ion : 

V!  n'\  i ^ ii  the  standard  innermost  computation  of 
K ^ terminates  and  the  standard  innermost  computation  of 
F - is  a subcomputation  of  it  wiiich  terminates. 

Comment  : 

Let  us  empLarize  that  the  standard  innermost  computation  of  F(f)  must 
terminate  as  a subcomput  at  Lon  of  F . It  would  not  be  sufficient  to 
require  that  F ")  occurred  within  the  standard  innermost  computation  of  F(n), 
and  that  its  standard  innermost  computation  terminate.  If  the  latter  did  not 
terminate  inside  that  of  F , we  could  not  guarantee  antisymmetry  of  the 


A binary  relation  • over  a set  S is  a strict  partial  ordering  if  it 
is  antisymmetric: 

(Va,b;  (a  b and  b < a is  false)  , 
and  transitive: 

Va,o,C;  a • b and  b'-c  ='  a<c). 

A strict  partial  ordering  is  well-founded  if  it  has  no  infinite  decreasing 
cliain  . 


1U<5 


relation. 


Lt'inniii ; llu  1 1.  1 at  i I i lua!  i!>'  \f'  i t wt ■ 1 ! * ouncU' .!  , s l i i c f. 

n 

part  i al  or  < : ' u i’li  I)  . 


Proo^: 

i \.,t  r . :rv;  ..ivial  since  ^ ~ implies  that  the  standard 

itTii.:;:j  L computation  of  F ■)  is  strictly  shorter  than  that  of 


(ii) 

(iii 


F ' • ' 

'I ! ansit  ivity ; Trivial. 

wa  1 - loundoum  ss  : Suppose  we  have  an  infinite  descending  chain: 

- T . Since  each  term  is  finite,  there  must 

1 . 

be  an  infinite  number  of  distinct  terms  in  the  computation  of 
F to  contain  the  infinit\  oi  • Hence  the  computation 

of  F,“^)  does  not  terminate,  which  contradicts  the  hypothesis 


1 ’ 

We  also  have  a well-founded  ’■net  partial  ordering  on  the  set  of  terms 
over  an  alpliabet,  namely  the  subterm  relation.  Let  us  also  denote  it  by 

Therefore,  we  can  torm  a well  founded  strict  partial  ordering  on 
Ii”  x{Terms} , which  we  will  also  denote  • , as  the  lexicographical  ordering 
obtained  from  the  two  previous  ones,  namely: 

V •'  f,  O ■,  • *",B  ‘-d''  X ^Terms}r 

< <T,B  > iff  \ ~ or  T = and  ''  B • 

It  is  a well  known  result  that  such  a lexicographical  ordering  is  indeed 
a well-founded  strict  partial  ordering  if  it  is  obtained  from  orderings 
which  have  the  same  property. 

We  will  need  one  more  definition; 

A subset  S ot  [l' is  said  tn  b regular  iff  for  every  | c S , 


lie 


every  Tl  in  (a^)**  wfilch  is  < ? is  also  in  S.  An  interpreta  ion  of 
an  alphabet  is  regular  ilf  all  the  given  functions  have  regular  domains. 
Similarly,  a recursive  lUlinition  is  regular  ill  all  the  given  functions 
which  appear  in  it  liave  regular  domains. 

Any  interpretation  >.  an  be  extended  into  a regular  one  in  a number  of 
ways,  and  any  raonotonic  i nt er pretat ion  can  also  be  extended  into  a monotonic 
regular  one  in  a number  wavs.  Now  it  is  easy  to  see  tliat  if  we  take  a 
monotonical  ly  slructuna!  recursivt  definition  wliiclt  is  not  regular  and 
extend  the  given  functions  into  monotonic  regular  ones,  the  least  weak  fixpoint 
of  tlie  recursive  definition  is  not  modified.  Because  if  the  recursive 
definition  is  f xj  • = - K , x . * F ,x  must  be  correct;  therefore,  evaluating 
' F,x)  tor  any  partial  function  f c cannot  lead  outside  the  domain 

of  the  given  functions  . 

We  now  have  the  necessary  tools  to  prove; 

L jmma : Let  the  interpretation  of  the  alphabet  be  regular,  and  let 

F xj  <=  ' F,x^  be  a monotonical ly  structured  recursive 
definition.  Then  tor  every  f e d"  and  for  every  correct 
monotonical 1 y structured  term  u free  of  x,  if  the  standard 
innermost  computation  of  F terminates  and  has  the  standard 
innerroust  computation  of  i as  a terminating  subcomputation, 
then  any  sate  innermost  computation  of  j terminates. 

Prop f : We  use  structural  induction  on  the  pair  < ?,  i-e.,  we 

prove  that,  if  the  property  holds  for  all  pairs  less  than  • 5,a  >, 

then  if  holds  for  • 5^,  u >. 

We  proceed  by  case  analysis  on  Ci, 
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Cases! 


ili_:  J - .X  , c or  x.  THc  proportv  is  trivial, 

i.  - ^ ' 

'■ecause  in  Cast  ^ - ii  any  computation  of 

tcrminati'S  at  t hr  f irst  step  and  in  Cast  ''iii) 
no  computation  i/ 1 ; terminates. 

Case  iv  : • ^ ; . 

-S-.  J p 

' t US  pic!'  a sate  inm  rmost  computation  ol  (/  and  assume 
it  dors  not  terminate  Two  cases  can  arise. 

Case  ' v-1  : i - ^ for  every  i 0. 

1 ^ ^ i P ' ““ 

Let  us  take  some  .N  sufficiently  large  so  that  all 

the  terminating  suheemputat ions  of  '''j’s  have  terminated 

bt  tore  S',  sa>  N _ i.  . Let  1 be  the  set  of  indices 

such  that  the  subcomputat ions  of  ^ , j e 1 terminate, 

with,  say,  a . Then,  tor  every  j in  I , Ci^  = a . 

'-J  J '-j 


We  have 

••  N 

“Ai’  ~ R > • • • 

.*  -.-1 

’ V ' ■ 

Now 

K 

has  an 

x-set  in  i. 

N 

For  cxa.mplc,  we  have; 

1 • • • 

p 

P 

X where  f j 

c I ^ . a . • ■ 

J J 

Lj 

^ I = ■ ^ X . 

For 

i f 

V 

. . ,pp''  =-  a / X , 

we  would  have  a standard 

simpl i f i 

c at  ion 

rule  g 

N\ 

• ,>x  , a . 

p ~ 

This  belotig  ; to  the  Domain  of  g:  "^his  comes  from  the 

regularity  of  Domfg)  and  the  fact  that  / is  correct.  If  f denotes 

the  least  fixpoint  of  wc  know  that  / f ^ , ) = g aj,...,a  ),  where 

~ ^i  ^ T ’ ^ ’ '^1  ’ ■ ■ ■ ’^p  ' ^ correct ) . Bu? 

< -T/j  , . . . , •:  hence  ^ ^ j , . . . ,§p^*  € Dom^g  j (Regularity). 
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Now  the  set  of  safe  simplification  rules  must  include  that  particular 

rule.  So  cither  of  two  things  can  happen; 

(l)  this  particular  rule  is  applied. 

(ii)  Another  rule  is  applied,  say  -.a 

1 P j 

In  both  cases,  and  without  lurther  analysis,  the  hypothesis  oi  Case  (iv-1 ) 
is  violated. 

So,  in  fai  t,  tor  N _ i , there  is  an  x-set  of  g in  i . 

N 

l.et  us  dc  ■ te  by  J the  union  of  those  x-sets  of  g in  u which 

N 

arc  selected  inlinitelv  many  times  in  the  safe  innermost  substitution 
process.  J is  also  an  x"Set  of  g in  and  therefore,  we  have  an 

equation : 


. • • • >^p)  * ^ 

for  every  tuple  • ^ ® I>°ni(g)  such  that: 


vj 


Vj  e J,  Ij  5 


Now,  since  the  standard  innermost  computation  of 
have  an  equation: 


(El) 


terminates,  we  must 


S(*:i . • • • ,?p)  ' a for  some  a / x , (E2) 

lor  every  tuple  Dom(g)  such  that: 

Vj  e K,  = a^. 

where  K is  the  set  of  indices  j for  which  the  standard  innermost 
computation  of  j.^  terminates  as  a subcomputation  ol  the  standard  innermost 
computation  of  u, 

I lie  key  point  is  that  K 0 J = 2! . for  suppose  there  is  an  index 
j c K r J.  Then,  since  J K,  the  standard  innermost  computation  of  O', 

terminates  as  a subcomputation  ol  that  of  J,  hence,  by  transitivity,  also 


11? 


J 


as  a subcoraputat ion  ot  if-  But  ■ ■ T,  ' , and  thus,  by 

induction,  wo  know  that  a i\  sate  innermost  eomput ation  oi  must  terminate. 

But,  since  j o J , t-l'e  aubeoinputat  ion  oi  j.  in  the  .sati  innermost 
computation  of  i dot.  s not  •»rriinat<'.  tiewevcr.  is  worked  upon 

infinitely  many  times,  !ntu.i-  t.his  suhcomputation  is  also  a safe  innermost 
computation.  I his  i a ( mt  rad  i c l.  i or  . 


Because  K and  J are  disjoint,  and  because  of  the  regularity  of 

Dom(g.i,  we  cm  :,<loot  a 'iple  e,,c  ,...,c  > which  will  satisfy  both 

J p 


(El)  and  L 


sp<  c 1 i . 1 ng  : 


/ -i  ‘ 

t 

' Vj  s 1 ..  K,  c^  H 

i 

\ otherwise  c.  ? a' • 

J 

It  I and  K art  mt  disjoint,  which  means  that,  for  some  a.  two  computations 
>l  have  tcrminattd,  we  know  that  the  final  term  must  be  the  same  in  each 


case , a . 


■'  c ,c  , . . . ,Cp  < • and  therefore  , <c  , , . . . ,c^">  belongs 

to  Uom  g , bv  regularity  Se<  footnote  or  previous  page'.  Hence  <c,  ,c  , . . , ,c  > 
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satislies  El  and  E.  , which  is  a contradiction. 


Therefore  this  case  carnot  happen. 


Case  (iv 


'j  - ^ . • • • for  0 <■  i < N and  z is  the 

final  term  of  a safe  simplification  of  for  some 

j,  or  u>.  It  cannot  be  an  individual  constant,  because 
the  computaticn  of  u would  then  terminate  . 

So  there  must  be  a simplification  scheme 


g ^1  * • • • ® 

corresponding  to  an  equation 


111+ 


where : 


1 


?p)  ^ . 


(E^) 


/'Vj,  1 


' ^ ?p  ■ e Dom(g) 

j ■ p , / A . = a ="-  p . ^ a . 

, J ~j  * J J 


A . = U)  = -■■  F , 

'•  J ~ - J u; , 

Vj.k,  1 _ j.k  _ p,  A.  = A^  = • § . - Fj 


il  15  = A.  then  f . 

J *J 

it  B = X'  then  Tl  - uu . 


Let  us  call  L the  set  of  positions  j such  that  the  subcomputations 
of  have  terminated  in  the  safe  innermost  computation  of  a.  For 


j c k I we  have 


■ J 


a . . 

J 


As  in  the  previous  case  equation  (ET)  must  also  hold.  K denotes, 
as  in  the  previous  case,  the  set  of  positions  such  that  the  standard 
subcomputations  ol  have  terminated  ir.  the  standanl  computation  of  a. 

Now  let  us  choose  ■ dj^,...,dp  > in  the  following  way: 

Vj  e k U K,  dj  a^ 

Vj  |:^^k  J K if  01^  = 0^  for  some  k e K,  then  d^  = a^ 

^otherwise,  d^  = u). 

N M 

We  observe  that  if  k e K,  then  the  standard 

innermost  computation  of  must  terminate.  (The  argument  is  as  follows: 

since  k e K,  the  standard  innermost  computation  of  terminates,  and, 

by  Induction  hypothesis  any  safe  innermost  computation  of  Qj^  terminates. 

Hence,  that  which  leads  from  to  must  also  terminate,  and  so 

N N 

does  the  one  which  leads  from  Ci.  to  a.  = a,  . But  if  a safe  innermost 

J J K 

computation  of  terminates,  a fortiori  the  standard  innermost  one  will.) 
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Hence  d,  s a.  , and  wc  observe  that: 
k k 


< d 

. . , ri 

• ti , 

a ■ and  therefore 

a^, 

•••>% 

1 

P 

<di, 

' i;  Domfg) 

, and  d , . . . ,d 

1 p 

> satisfies  E2) 

show 

that 

d ,d 

i P 

also  satisfies 

(EJj)  with  T]  = 0). 

(a) 

First  , 

it  j e h 

d . a . . 

J J 

b'' 

TX  N 

If  a. 
J 

N 

r OJ  , 1. 

--  J 

cannot  be  equal  to 

for  k e K, 

by  the  above  argument  (th.  standard  innermost  computation  of  w never 

terminates),  tnd  a fortiori  j cannot  be  in  K. 

So  dj  ^ a . 

N ,N 

,cj  Suppose  'j  = 

(cl)  If  either  j or  k is  in  L,  then  the  ether  is,  and  we 

have  d = d,  a = a,  . So  assume  now  that  j fe  L and  k t L: 

J K ,1  K 


(c?)  If  j .J  K and  k e K,  then  both  standard  innermost 


computations  of  a.  and  terminate  with  the  same  result,  and  we  have 
J ^ 


dj  = - a 


J " 

(c3)  If  j K K , L and  k e K (or  the  symmetric  case), 


both  standard  innermost  computations  of  and  terminate  with  the 

same  result  (by  the  same  argument  used  in  the  proof  that  » • • • 

satisfies  (E2)),  and  we  have  forced  d^  = = dj^  in  the  definition  of  the 


dj  ' s . 


(c4)  If  j j:  K U L and  k ^ K J L.  Then  either  there  is 

f in  K such  that  c/!  = (in  which  case  also  0^  = cC  and  d.  = d , 

j f f J t 

d = d , so  d . d,  ) or  there  is  no  such  /,  in  which  case  d s 
p f j k J 


an 


d,  H (ju . 


So  <d,  ,d^,...,d  certainly  satisfies  (E3).  Now  to  show  that 

12  p 
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B is  not  uu 


the  corresponding  right  hand  side  in  Ef  is  ti) , we  assume 

N 

(in  which  case  it  is  obvious);  then  B = for  some  v,  1 v < p. 

First,  V does  not  belong  to  L K:  v is  not  in  L because  otherwise 

B would  be  a constant,  wliich  is  excluded.  It  is  not  in  K either  because, 

by  induction  hypothesis,  the  safe  innermost  computation  of  would  then 

N 

terminate;  but  then  so  would  that  of  hence  that  of  ^ j hence 

that  of  i,  which  is  a contradiction. 

N N 

Furthermore,  there  i s no  k e K such  that  = o^,  for  otherwise 
the  standard  innermost  computation  of  would  terminate,  by  a previously 

seen  argument  , and  again  this  would  imply  , as  above,  that  the  safe  innermost 
computation  of  a terminates,  which  is  a contradiction. 

Therefore  d Oj , which  implies  Tl  “ U) . 

V 

Thus,  we  see  tliat : 

g(d.  , . . . ,d  ) (iJ  from  E"') 

^ ? 

“ a ^ UJ  from  (ET;  j , 


which  is  a contradiction. 

This  proves  t'..e  property  for  Case  iv. 

Case  (v)  : oc  = F(aj^ , . . . ,'i^) 

If  the  standard  innermost  computation  of  CX  terminates  with  a,  then 

for  every  i,  1 < i < n,  that  of  terminates  (with  , and  that  of 

F(a, ,...,a  ) does,  with  a. 
i ~ 

Any  safe  innermost  computation  of  Q!  is  of  the  form  “l  ■ °n>- 

in  which  all  the  computations  of  a.,  for  1 < j < n,  terminate  with  a , by 

J 

the  induction  hypothesis. 

Now  < a^  , . . . ,a^  is  less  than  ^ ‘ ’^n  ^ ordering  on  d", 
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occurs  as  a 


since  the  standard  innermost  computation  of  I'<a  ...,a  ) 

'--1  ^^n' 

terminating  subcomputat  i on  of  the  standard  iimi.'rmost  computation  of 


Let  us  abbieviate,  as  usual,  a,,..., a 'by  a.  Then  the  pair 
, F(a)  ■ is  strict  Iv  less  than  the  pair  * ' " in  our  order,  since 

^ Hence  by  induction  Ir.  pothesi  s , our  property  is  true  for  the  pair 

I'(a)  >.  Since  tlie  standard  innermost  computation  of  F a)  terminates 
and  obviously  bar  I a itself  as  a terminating  subcomputation,  we  know 
that  any  safe  innermost  computation  of  Fa;  will  terminate. 

But  any  safe  innermost  cotnputation  of  a hits  upon  a safe  innermost 
ccxnputation  of  F , hence  also  terminates. 

This  disposes  of  Case  v and  completes  the  proof.  o 


From  the  Lemma,  we  can  conclude: 

Theorem  ; : For  a monotonically  structured  recursive  definition,  the 

partial  function  over  computed  using  safe  innermost  computation  for  any 

regular  monotonic  extension  of  the  recursive  definition  is  the  least 
weak  fixpoint  of  the  recursive  definition. 

Proof:  As  observed  above,  if  the  recursive  definition  is  not  regular, 

one  can  extend  it  into  a monotonic  regular  one  without  modifying  the  least  weak 
fixpoint . 

Let  fgafg  he  any  computed  function  of  the  recursive  definition  using 
safe  innermost  computations,  and  be  the  function  computed  with  the 

standard  innermost  rule. 

Applying  the  above  Lemma  with  (x  = r'>)  inmediately  gives: 


Now,  since  by  Theorem  6,  (f^  denotes  the  least  fixpoint  of  t) , and 

since  an  inni-rmost  computed  function,  Theorem  ? shows  that 

A 

*^safe  " • a 
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CONCLUSION 


In  this  work,  wo  have  preset  ted  a model  for 'recursive  definitions' 
which  enabled  us  to  prove  general  results  on  the  relation  between 
cemputed  functions  and  1 ixpoints,  and  wt  have  given  some  fixpoint 
canputation  rules  for  a certain  class  of  recursive  definitions. 

Wo  now  suggest  some  possible  directions  in  which  further  research 
could  possibly  extend  this  work; 

3)  In  Chapter  5i  In  addition  to  the  standard  innermost  computation 

rule  we  gave  a wide  class  of  computation  rules,  the  safe  innermost  rules,  which 
also  lead  to  the  least  weak  fixpoint  of  the  (monotonical ly  structured) 
recursive  definition.  We  have  given  no  such  rules  for  the  least  strong 
fix'>oint,  in  addition  to  the  full  computation  rule.  There  is  clearly 
a need  for  such  rules,  and  as  a matter  of  fact  Vuillemin  '1772)  lias 
recently  found  such  rules,  which  he  calls  "safe  computation  rules"; 
he  also  gives  conditions  for  such  a rule  to  be  optimal. 

'^b)  The  demain  D of  our  interpretation  has  a particularly 
simple  structure:  the  partial  order  on  D has  only  two  levels  so  to  apeak, 
with  uj  being  less  defined  tlian  every  element  in  D,  and  every  elanent 
in  D only  related  to  itself. 

It  would  be  interesting  to  see  how  the  computational  part 
of  the  theory  extends  to  domains  S with  a much  richer  structure,  for 
example  partially  ordered  sets  which  have  a least  element  and  are  chain- 
closed  (in  Older  to  guarantee  existence  and  j:ood  properties  of  fixpoint 
of  continuous  functionals'. 
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(c)  Scott  1 ^ j)  presents  a mathematical  theory  of  computation 
of  higher  tvpes  of  objects.  He  suggests  that  It  would  be  worthwhile  to 
establish  that  the  computable  objects  In  his  sense  are  also  computable  In 
the  usual  sense  of  Church's  Thesis.  The  present  work  establishes  the 
fact  for  objects  ('f  low  types  (partial  functions  and  functionals).  It 
might  be  of  interest  to  investigate  if  and  how  the  computation  methods 
presented  here  cot. Id  be  extended  to  objects  of  higher  types. 

(d  Syntactic  extensions  of  the 'recur  si ve  defi nitions' might  be 

Interesting  to  investigate.  For  example,  we  might  consider  an 
expression  of  tlie  form: 

r^(F,x)  e I , 

where  ^ind  = are  two  arbitrary  terms,  to  represent  a recursive 
definition.  In  the  case  where  such  dilinilions  possess  iixpoints, 
is  there  a general  computat'on  mechanism  tiiat  will  compute  one  )or 
several)  of  them'. 
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A. 


Introduction 


In  this  Appendix,  we  derive  fixpoint  properties  of  monotonic 
and  continuous  nuippings  over  partially  ordered  sets.  We  then 
apply  these  properties  to  sets  of  partial  functions,  after 
verifying;  that  tlu'se  sets  indeed  satisfy  the  required  conditions. 

Tile  first  result  on  monotonic  mappings  is  a slight  general- 
ization of  a result  mentioned  in  an  unpublislied  paper  by  I’ark 
1 fi'Oi.  The  result  on  continuous  mappings  generalizes  a 
Theorem  due  to  Kleene  1''2).  The  second  result  on  monotouic 
mappings  is  a mild  generalization  of  a result  due  to  Tarski 
'1  ' 1 . Our  proof  follows  that  given  by  Park  3eki^ 

1/j  ')  and  Scott  1 /?(*)  contain  related  work. 

B . Partially  ordered  sets 

B . 1 General  Definitions 

An  ordering;  on  a sot  M (or  partial  ordering  on  M) 
is  a binary  relation  oii  M,  denoted  , which  is: 

i)  reflexive,  i.e.:  V x c M , x •>'  x , 

(ii)  antisymmetric,  i.e.:  Vx,y  gM,  x<yAy<xnx=y, 
(iii'^  transitive,  i.e.:  Vx,y,z  CM,  x*.yAy<z=>x<z  . 

A strict  ordering  on  M for  strict  partial  ordering 
on  M)  is  a binary  relation  on  M,  denoted  <,  which  is: 

(i)  strictly  antisymmetric,  i.e.: 

Vx,y  M,x  y A y X is  falsC| 
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(ii)  transitive,  i.e.  Vx,y,z  gM,  x<yAy-<z=sX'<z  . 

It  is  easy  to  transform  a strict  ordering  on  a set  M into 
an  ordering  on  M by  adding  the  pairs  f • x,  x ■ | x r Ml  and, 
vice-versa,  to  obtain  a strict  ordering  frot.i  an  ordering  by 
removing  tlie  pairs  • x , x | x r Ml. 

in  the  sequel,  we  will  bo  mostly  concerned  with  orderings 
and  ordered  sets. 

An  ordered  set  , or  (partially  ordered  set  is  a pair 
■ N,  • , where  M is  a set  and  *.  is  an  ordering  on  M.  When 

no  contusion  can  aiise,  we  simply  denote  an  ordered  set 
• M,  by  M. 

An  ordering  jp  a set  M is  total  if: 

1 M,  X » y or  y <■  X holts. 

Let  M,  ' be  an  ordered  set,  and  K c M be  a subset  of  M. 

The  restriction  of  » to  K is  also  an  ordering  on  K.  K is  a 
chain  in  < M,  » when  this  ordering  is  ’ ital. 

Let  ■ M , be  an  ordered  set  and  A ^ M be  a subset  of  M. 

We  say  that  an  element  u € M such  rhat: 

V a € A,  a < u , 

is  an  upper  bound  of  A in  M.  If,  in  addition,  u G A,  then  u is  the 
greatest  element  of  A.  There  can  obviously  be  only  one  greatest  element 
of  a set. 

Similarly,  if  there  Is  an  element  £ G M such  that: 

V a G A , £ < a , 
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then  / is  a lower  bound  of  A in  M.  If,  in  addition,  I £ A,  then  t is 


the  least  element  of  A. 

When  the  set  of  upper  bounds  of  A in  M has  a least  element 
we  say  that  it  is  the  least  upper  bound  of  A in  M,  and  we  denote  it 
lub(A).  Similarly,  when  the  set  of  lower  bounds  of  A in  M has  a 
g reatest  element , we  say  that  it  is  the  greatest  lower  bound  of  A in  M, 
and  we  denote  it  glb^A). 

When  an  ordered  set  <M,  < is  such  that  every  chain  in  M has 
a least  upper  bound,  we  say  that  it  is  chain-closed. 

B.2  Monotonicitv . Continuity. 

Let  f be  a mapping  over  M (i.e.  a mapping  of  M into  M), 
For  every  subset  A » M,  i(A  denotes  the  set  ff(x)  | x c A} . 

An  element  m c M is  a fixpoint  of  f if  it  such  that 
m = f(m).  When  the  set  of  fixpoints  of  f has  a least  element,  we 
say  this  least  element  is  a least  fixpoint  of  f (necessarily  unique). 

Let  M,  < be  an  ordered  set.  A mapping  f over  M is 
■ono tonic  when: 

VX,y  e M,  X < y =»  f(x)  < f(y)  . 

Let  < M,  < > be  an  ordered  set  which  is  chain  closed. 

A mapping  f over  M is  continuous  when,  for  every  chain  K c M, 

f^ubfK))  = lub(f(K))  , 

where  this  is  interpreted  as  meaning  that  the  right  hand  side  must 
exist  and  be  equal  to  the  left  hand  side. 

As  we  noted  in  Chapter  L,  continuity  monotonicitv. 
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B.J 


Ordina 1 s . 


In  ordor  to  prove  the  first  Theorem  in  the  next  section,  we 
need  a few  element.irv  properties  of  ordinals,  which  we  briefly  recall 
here,  referring  the  reader  to  standard  texts  for  a c^implete  treatment. 
(See  for  example:  Ibilmos  \ ' , Suppes  1<>  M . 

We  denofe  the  strict  total  order  relation  on  the 

ordinals . 

•\n  ordinal  is  the  set  of  its  predecessors  in  that 
relation.  An  ordinal  ean  be  either  0,  or  the  successor  of  another 
ordinal  .y  (denoted  <>  + 1 : in  that  case,  every  ordinal  smaller  than 
O'  + 1 is  either  a or  smaller  than  o) , or  a limit  ordinal. 

Let  denote  a property  of  an  ordinal  a.  if  there  is 

an  ordinal  o such  that  ct(o',  then  there  exists  a least  ordinal  8 
such  that  c 9)-  (Least  Number  Principle! 

The  following  induction  principle,  called  transfinite 
induction  is  valid  on  the  ordinals: 

If  for  every  ordinal  o,  ®(B)  true  for  every  0 < cy 
implies  cp'Qf)i  then  cp(  y holds  for  every  ordinal 

Cardinals  are  representatives  of  equivalence  classes  among 
ordinals,  denoting  their  size.  To  every  set  A there  is  a cardinal 
mnber  associated,  denoted  | A |.  which  is  an  ordinal  equivalent  to  A, 
where  equivalence  here  means  having  the  same  size.  Given  any  cardinal, 
say  I A I for  some  set  A,  there  is  another  cardinal  strictly  greater 

than  it,  namely  2^  I = | ^^^a)  !, which  is  the  cardinal  of  the  power  set 
of  A. 
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B.4  Least  Upper  Bounds 


In  this  section,  we  consic  r partially  ordered,  chain- 
closed  sets  with  a least  element  . 

B .4 . 1 Monotonic  Mappings. 

We  establish  that  every  monotonic  mapping  over 
such  a set  has  a least  fixpoint,  and  give  a characterization  of  that 
fixpoint  when  the  mapping  is  continuous.  The  partially  ordered  set 
will  be  denoted  < M,  * or  M for  short,  and  its  minimal  element  Q. 

Let  f be  a monotonic  mapping  over  M. 

In  the  first  paragraph,  we  show  how  to  generalize  Che  familiar 
Kleene  sequence  r,  f'Q),  ...,  f”(n),...  and  define  £^(0)  for  any 
ordinal  a. 

In  the  second  paragraph  we  select  one  particular  in 

a suitable  way,  and  call  it  s^. 

In  the  third  paragraph,  we  show  that  s^  is  the  least  fixpoint 

of  f . 

Definition  of  f*~(fl)  for  every  ordinal  e 

We  give  an  Inductive  definition  of  f^(n)  by: 

Definition: 

(i)  if  e = 0 then  f^(fj)  = n i 

(li)  if  G = 6 + 1 then  f^(n)  = f(f^n)) ; 

(iii)  if  G is  a limit  ordinal,  then  f^(n'  = lub(f®fn)  | a < £}  • 

We  will  give  here  a Justification  that  this  definition  indeed 
uniquely  defines  as  an  element  of  M for  any  ordinal  €,  and 
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0 V 

that  this  mapping  is  monotonic,  in  the  sense  that  0 ■ y =>  f ifi)  • 

Justification : We  prove  that,  for  every  ordinal  r,  the  property 

^(g)  holds,  where: 

rp(c)  - " f^'f:'  is  well  defined  and,  V«  ■ r,  f^(n)  -s'  f^(0)"  . 

The  proof  is  by  Cransfinite  induction,  i.e.,  we  assiime  via)  every 

a < C and  prove  "'g  . 

Three  cases  arise: 

(i)  C = 0:  f*^' is  well  defined,  and  there  is  no  ordinal  <0,  so 

the  second  half  of  '-(O)  is  vacuously  true. 

(ii)  G = 5 + 1. 

Then  I = f(f^;Q))  is  a well  defined  element  of  M , 
since  i i';;)  is  a well  defined  element  of  M and  f is  a 
mapping  over  M. 

Now  let  ft  ' c,  show  fP(Q)  ^ Since  6 is  the 

predecessor  of  G,  we  have  0 s 6 , and  we  know  that 
i)  holds. 

We  can  distinguish  three  cases:  B“0,  B = t f 0,  B<6 

(a)  0 = G 

g 

Then  f (Q)  = Q and,  since  0 is  the  least  element  of  M, 
Q < f®(n)  trivially. 

(b)  B = 6 0. 

Then  6 has  a predecessor  y,  and  we  have: 
f^(n)  < f^n),  by  tp(6)  . 

By  Tionotonicity  of  f,  we  have: 

f(f^(n)  < f(f^n))  , 
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i.e.  (Q)  < , 

O € 

i.e.  f^(Q)  < f (O),  since  3 = 6 = y + 1 and  € = 6 + !• 

(c)  3 < 6 

In  this  case,  we  know  f^(0)  < f^(n)  by  cc(6)i  and 
we  have  established  f^(Q)  < f^(Q)  in  cases  (a)  or  (b) . 

So  the  property  follows  by  transitivity  of  <. 

(iii)  e is  a limit  ordinal. 

Then  f^(fi)  = lubff^(g})  | q < c}  . 

We  want  to  show  that  = ff^(O)  | a < €}  is  a chain.  Let 
<y,3  C.  Since  the  ordinals  are  totally  ordered,  we  have  either 
a < 3 or  B < a or  a = B*  By  induction  hypothesis  we  know  that 
's(a)  ^nd  CP  b)  hold.  Therefore,  if  a < 3i  we  have  f°^(^)  S 
if  3 < O'*  ^®(n)  < f°^(n),  and  of  course,  if  B = a , f'^(O)  = f^(n)  » 

because  of  well-definedness,  henc?  f°^(0)  < f®(n)  because  of 
reflexivity.  Hence  the  order  is  total  on  , and  is  a 

chain.  Since  M is  chain  closed,  lub(K^)  is  a well  defined 
element  of  M,  and  so  is  f*^(fi). 

Now  the  second  part  of  cp(c)  holds  trivially,  because  if  B € 
then  f^(Q)  € and  therefore: 

f®(p)  < f^(n),  since  f^(fi)  is  an  upper  bound  of  . 

So  cp(€)  holds  for  every  ordinal  e,  which  justifies  the 
definition  of  f^(o)  and  proves  that: 
for  every  ordinal  B.v:  3 < Y =»  f®(n)  < . 

□ 
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Construction  of  s 


f* 

The  key  point  is  that  the  f^(Q)  that  we  have  defined  in  the 

Q 

previous  paragraph  cannot  be  all  distinct.  Indeed,  since  f c M 

r 

for  every  ordinal  there  cannot  be  more  distinct  f’(Q)  than  there 

are  distinct  elements  in  M.  If  we  take  ^ sufficiently  large  so  that 

its  cardinal  is  greater  than  | M | , ’-hen  there  must  be  two  ordinals 

a Q 

S “^ch  that  f (n)  = "t  is  enough  for  this  to  take  an 

ordinal  equivalent  to  ^M),  where  denotes  the  power  set  of  M. 

For  the  purposes  of  this  discussion,  let  us  call  conjugates  any  two 
distinct  ordinals  /,g  such  that  f^(0'  = f ^ Q) , and  let  P(a^  be 
the  property  "(y  has  a conjugate".  We  know  that  P(c)  is  true  for 
the  e that  we  have  taken  above,  and  therefore,  by  the  least  number 
principle,  there  must,  be  a least  ordinal  that  has  a conjugate.  Let 
us  denote  it 

Then  we  set  = f [^1:  and  this  completes  our  construction  of 

Sf. 

Theorem. 

If  M is  a partially  ordered,  chain-closed  set,  which  has  a 
least  elanent,  then  every  monotonic  mapping  over  M has  a least 
fixpoint . 

Proof.  Let  f be  a monotonic  mapping  over  M.  We  prove  that 
s^,  as  defined  in  the  previous  paragraph,  is  a least  fixpoint  of  f. 

''a^  s^  is  a fixpoint  of  t. 

We  have  s^  = f^^f  ?).  We  want  to  prove  s^  = f(s^), 
i.e.,  f ^(Q)  = f ^ (t)-  i be  a conjugate  of 
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We  have 


f ^(Q)  = f^(n)  and  e^< 

If  X^e^+lwe  are  done. 

Assume  \ ^ 1.  Then  + 1 < Therefore,  we  have  ; 

f ^(n)  < f ^ ^Q)  < f>-(n)  . 

, Gf 

But  f^  (0)  = f (.1) , so, by  antlsyninetry  of  <,  we  get  : 


is  the  least  flxpolnt  of  f. 

Let  m be  a fixpoint  of  f.  We  want  to  show  < m. 

To  prove  this,  we  will  show  that,  for  every  ordinal  €, 
f (n)  < ri.  The  proof  Is  by  structural  Induction. 

(1)  G = 0.  Trivial,  since  Q < m for  any  m e M. 

(11)  G = 6 + 1.  By  induction  hypothesis  f^(n)  < m. 

By  monotonicity  f(f^(fi;)<  f(m). 

Therefore  f^(n)  < m,  since  e = 6 + 1 and  n Is  a flxpolnt  of  f. 

(Ill)  C is  a limit  ordinal.  By  Induction  hypothesis, 

Va  < C,  f*^(n)  < m.  By  definition  of  f^(fi)  , we  have 
f^(n)  = lubK^,  where  | o < e}. 

By  induction  hypothesis,  m is  an  upper  bound  of  K^,  and 
therefore  f^(fi)  < m. 

In  particular,  if  we  take  e = s^,  we  obtain: 

= f fn)  < m. 

□ 


B.J+.2  Continuous  Mappings. 

If  the  monotonic  mapping  f that  we  considered 


in  paragraph  B.4.1  is  now  continuous,  the  least  fixpoint  has  a much 
simpler  characterization  than  before.  In  fact  we  have; 

Theorem: 

If  M is  a partially  ordered,  chain  closed  set  which  has  a 
least  element  Tl,  and  if  f is  a continuous  mapping  over  M,  then  the 
least  fixpoint  of  m is  lub[f  (Q)  [ i nonncgative  integer]. 

Proof:  The  results  of  the  previous  section  apply  since  if  f is 

continuous  it  is  monotonic. 

We  have  shown  that,  for  every  fixpoint  m of  f and  every 
ordinal  a,  f^(n)  * m. 

In  particular,  if  is  the  least  fixpoint  of  f,  for  every 

non  negative  integer  i,  f^  c s^. 

The  first  infinite  ordinal  is  xs  where  x = fi  | i non  negative  integer} 

= fi  I 0 s i 

and  we  have  also  £^(q)  < s^,  where,  by  definition  of  f‘^’(o) : 
f‘^(n)  = lub  ff^(o)  I 0 ^ i •'  X 1. 

Let  K = ff  (o)  I 0 " i -'xl.  By  continuity  of  f,  fflubiK))  = lub(f(K)). 

We  have : 

lub  f'K  ) = lubff^  ^ J I i + 1}. 

But  f(K)  = f f\^j  I 0 - i < X } » 
and  therefore  lub  '’f(K))  = lub  (K). 

Hence  : lub(K)  = f(lub(K)), 

which  means  that  lub(K)  = f^(n)  is  a fixpoint  of  f. 

Hence  s^  < • 

Therefore  = f^(n)  = lub{f^(Q)  | i non  negative  integer}  . 

o 
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B.5 


Greatest  Lower  Bound s 


If  the  partially  ordered  set  M now  has  the  property  that 
every  nonempty  subset  of  M has  a gib  in  M,  then  monotonic  mappings 
over  M turn  out  to  have  another  interesting  property: 

Theorem : 

If  M is  a partially  ordered  set  in  which  every  nonempty  subset 
has  a gib  in  M,  then  every  monotonic  mapping  f over  M which 
has  a fixpoint  has  a least  fixpoint  which  is  such  that : 

s^  = gib  fm  C M I f (m)  < m } . 

Proof:  This  proof  essentially  follows  Park  (I969)  in  his  proof  of 

the  Knaster-Tarski  theorem.  Since  f has  a fixpoint,  the  set 

= fm  e M ( f(m)  < ml  is  not  empty,  and  has  a gib.  Let  us  temporarily 
denote  1^  = glb(C^). 

^ Ij  is  a fixpoint  of  f; 

For  every  i £ C^,  we  have  1^  < i and,  by  monotonicity  of  f, 

^ f ( ^) • But  f(f)  < I since  f £ C^,  and  therefore 

Hence  f(l^)  is  a lower  bound  of  C^,  therefore: 

^(^f)  ^ (1) 

By  monotonicity  of  f,  we  get  from  (1)  that  f(f(l^))  < f(l^), 

which  means  that  f(l^)  G C^. 

Hence : 1^  *r  f(l^)  . (2) 

(1)  and  (2)  imply  that  1^  is  a fixpoint  of  f. 


155 


(b)  ib  tlu'  least  fixpoint  of  f; 

We  know  that  f has  a fixpoirt.  so  the  set  of  its  fixpoints 
is  not  i'»^pty  «in<!  tlH*refore  has  a ^Ib  whit'h  we  call  tempt'riirily 
. We  cl  ) nut  know  yet  that  is  a fixpoint  of  f)  . 

Since  the  set  ol  fixpoints  of  is  included  in  C^,  the  gib's 

of  these  sets  are  in  the  following  relation:  1^  < m^. 

But,  by  a above  1^  is  a fixpoint  of  f,  hence  1^. 

llierefore  we  have;  ~ '’’f  ’ 

A sufficient  condition  on  M for  a monotonic  f to  have 
a fixpoint  was  piv^  n in  B.'-  , name  ly  that  M be  chain»closed  and  have 
a least  clement. 

This  previous  theorem  provides  an  elegant  proof  for  the  following 
corol lary : 

Corollary  Let  M verify  the  hypothe  sis  of  B.-  , and  let  f ^ , f^ 
be  two  monotonic  mappings  on  M witli  fixpoints.  Call  and  their 

least  fixpoints.  Then  if  '>nn  € M'  ' f^(m  < f^  then  s^  < s^. 


Proo  f . 


From  the  hypothesis,  wc  have  in  particular  I 


f f's  ) 

1 


f i s 1 

? 2' 


But  £(s  .)  - s 

( 


Hence 


Hence  ^ ^ 

and,  therefore  since  = gib  C^^'. 
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^ • Partial  Funct.  ion.s  and  the  KxtL-nsion  Relation 

In  this  Section  show  how  the  set  of  partial  functions 
from  a domain  S into  a range  R can  he  partially  ordered  by  the 
extension  relation,  and  we  apply  the  results  of  Section  15  to  this 
structure . 

C . 1 l)e  f i n i t i oils 

I. it  S,  R be  non-empty  sets  and  be  an  element  not 

in  K,  representing-  the  "undefined " element . We  denote  by 

A partial  function  of  S into  R is  a mapping  of  S into  K^.  We 

denote  pf  S --R'  tlie  set  of  partial  functions  of  S into  R.  We 

abbreviate  pffS  S ' by  pf  s)  and  we  call  a partial  function  of 
S into  S a partial  function  over  S. 

li  f r pf  S .R',  we  say  that  S is  the  domain  of  f; 
for  every  x C S,  the  image  of  x by  f is  denoted  f(x);  we  denote 
the  equality  relation  on  r'*’;  if  f^x)  ^ then  f is  said  to 

be  undefined  at  x,  ^)r  f x 'l  is  said  to  be  undefined ) ; if 

f X f then  f is  said  to  be  defined  at  x (or  f(x)  defined); 

if  f is  defined  for  .-very  x C S,  then  f is  said  to  be  total ; 
if  f is  undefined  for  .-very  x ^ S,  ^hen  f is  the  undefined  function, 
denoted  n. 

Let  f ,g  p pf  ' S -♦  R)  . Then  : 

f and  g are  said  to  be  equal , denoted  f = g, 
iff,  Vx  € S,  fi'x)  = g x).  [i.e.,  either  both  f(x)  and  g(x)  are 
undefined,  or  they  are  both  defined  and  equal  as  elements  of  r] . 
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(b)  g is  said  to  bc>  an  extension  of  f,  denoted  f < g, 

iff,  Vx  (■  S,  f(x')  / j'  f(x)  = g(x).  i.e.,  wherever  f(x)  is 

defined,  g(x)  must  be  equal  to  it,  and  therefore  also  defined). 

Note  that  f=g  ifi  ^nd  g * f. 

%\n  equivalent  way  of  defining  the  extension  relation  is 
to  introduce  a partial  ordering  <■  on  ’ by: 

Vy  c R^,  uo  < y and  y < y, 

and  then  to  say  that ; 

Vf,g  € pf(S  -*R),  f •.  g ( g is  an  extension  of  f;  a y >:  e S ,f(x)  < g(x)]  . 


The  extension  relation  is  easily  seen  to  be: 

(i)  Reflexive  (i.e.  Vfepf(S  ■R),f<'f'; 

( ii)  Antisymnetric  (i.e.  yf,gC  pf'S-»R/,  f g and  g < f » f = g)  ; 

( iii)  Transitive  ('i.e.  Vf,g,hC  pf(S--.R\  f ^ gnndg<h»f<h). 

Therefore,  < is  a partial  ordering  on  pf(S  -+R). 


It  is  immediate  that  Q,  the  totally  undefined  partial 
function,  is  a least  element  in  pf(S  -*R),  i.e.,  that  : 

''f  C pf  (s  r),  q < f. 
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pfi  S -»  K~  is  (■  liain-cloaed  : 


Proof : Lot  K ’ pf  S 

and  lot  X ^ S bo  sm h that 
is  a total  ordorino,  on 
f ' '^■ttlior  c;.so,  f 

Using  this  pi ->pt  . ty,  wi- 
pf  S R as  follows: 


->  R bo  a cliaiii.  I.t't  , f ' K, 
and  f aro  both  defined  at  x . 
i: , wo  must  have  i-itiior  f ‘>r 

j > 1 >1  , by  dl  l ini t ion  of  s. 

can  dolim  a partial  function  U 

K 


Since 


in 


”x  G S : X I i f 5 f*'  such  that  f >:)  / -j^  then  f(x) 

1 othorwiso  i . 


Because  of  tho  opining  remark,  if  there  are  several  f's  in  K 
such  that  i > , t I,  it  docs  not  matter  which  om  we  pick  to  define 
Uj,  X,  since  they  tiavo  all  the  same  value  at  x . 

We  wart  to  sh  iv  1 . . ~ k)  • 

r. 

(a)  U is  an  upper  L 'und  of  K. 

K 

Let  f ‘ K and  x , y.  Assume  1 / u,.  Then, by  dolinition  of 

Lvi  'Jw  f^x).  Till  I it  ore: 

K K 

f r K,  f - V^,  . 


''b)  U is  the  least  upper  bound  of  K . 

K 

Assume  g is  an  upper  bound  of  K.  Let  > o s and  assume 


Ur'x) 

^ X*  Then,  by  deiinitim  of 

'J  , there  exists 
K 

f C 

K suih 

that 

ffx'i  i X and 

1 X . 

Since  fig,  we 

also 

have 

f(x) 

- g'y.j-  Therefore  1', 

■ g- 

Every  non-empty  subset  of  pf  S -»  R)  has  a glb-^ 

Proul  ■ I.eC  M c.  pf(S  -*r\  M 

Let  us  define  ' i x)  C pf(S  -»R)  by: 

M 

( if  3z  C R such  that  f C M)(f(x)  = z)  then  z 
otherwise  u;  . 


Si  is  a partial  function  from  S irto  R,  where  H f (f,  because  the 
z of  the  definition  is  then  unique, 
l^e  show  that  = glb(M); 


(a) 


is  a lower  bound  of  M. 


(b) 


From  the  definition  of  it  follows  that 

Y f G M,  - f(x).  This  implies  that  ■s'  f s M,  < f. 

is  the  greatest  lc»wer  bound  of  M. 

Let  I be  a lower  bound  of  M.  Let  x € S and  assume  f(x)  ^ a'»  f'or 
every  f 6 M,  we  have  / f,  and  so  f(x)  ~ Therefore  there 

exists  a z as  required  in  the  defini':ion  of  £j^(x),  namely 
z * i(x).  Tlius  = /^x'.  This  implies  ^ every 

lower  bound  / of  M. 


, if  fj^(x)  is  defined,  then 


□ 


Therefore  we  see  that  pf'^S  -*R)  structured  by  the  extension 
relation  verifies  all  the  properties  that  we  need  in  order  to  apply  the 
fixpoint  theorems  of  Section  B.L.  and  B.l'.  We  will  call  •>  mapping 
over  pf^S  -♦  R)  a functional.  Combining  the  three  resuits, 

”/ 

* For  I R I 1,  the  empty  subset  of  pi  S -»R)  does  not  have  a greatest 

lower  bound  in  pf  S -+R),  because  there  is  no  partial  function  in  pf(S  -♦  R) 
that  is  an  extension  of  all  the  others.  In  fact,  this  is  the  only  property 
that  pf'S  -♦  R)  lacks  in  order  to  be  a complete  lattice,  (since  it  is  sufficient, 
for  an  ordered  set  to  be  a complete  lattice,  that  every  subset  of  the  set 
possess  a gib).  Scott  'IJIO)  structures  pf'S  -> R)  into  a complete  lattice 
by  adding  a "top"  element,  which  he  denotes  T,  extending  < by  n Gpf (S->  R)u{R.} , 
f <T.  Then  T=  glb(?i).  But  this  is  unnecessary  for  our  discussion  in  this 

work. 


we  can  state: 


Theorem:  Every  monotonic  functional  t over  pf(S  -» R)  has 

a least  fixpoint  s which  is  equal  to  glb[f  c pffS  -> R)  | T(f)  < f ] • 

If,  in  addition,  - is  continuous,  then; 

s *=  lub  I i non  negative  integer} 

C.J.  Properties  of  Sets  of  Monotonic  Partial  Functions 

If  we  have  a partial  ordering  on  S,  which  we  denote  <, 
and  if  we  take  the  natural  partial  ordering  < on  R^  defined  by: 

V y £ r"*",  (1  < y and  y y t we  have  the  natural  definition  of 
monotonicity,  namely  f G pf(S  -»R)  is  monutonic  when: 

V x,y  c S,  X < y f(x)  * f(y). 

Let  us  denote  raf(S  -* R)  the  set  of  monotonic  partial 
functions  of  S into  R. 

We  are  going  to  show  that  mf(  ? 1.)  also  satisfies  the 

basic  properties  needed  to  apply  the  general  theorems  of  part  B« 

mffS  -»  R)  has  a least  element 

is  obviously  monotonic,  and  is  therefore  the  least  element  of 
mf(S  R) . 

mffS  -^R)  is  chain-closed 

We  will  show  that  if  K is  a chain  of  monc  onlc  partial  functions. 
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the  lub 


of  K in  pf'S  -.r)  is  monotonic,  whicli  implies  that 
mf'S  R)  is  chain-closed. 

Wc  have  seen  in  section  C..?  that: 


V X e S : U^(x)  = 


If  3f  C K such  t’lat  f(x)  ^ ijd  then  f(x) 
otherwise  u;  . 


Let  X,  y 6 S such  that  x < y-  Assume  defined.  Then  there 

is  an  f in  K such  that  ffx)  = U x)  4 u)-  Because  K cmf(S  f 

is  monotonic  and  therefore  f x)  = f'y'  / uj.  Hence,  applying  again  the 
definition  of  , we  see  that  ' y\  - f(y)  i m. 

Therefore  we  have  ^ a;  » ^ * 

i.e.  U..  x)  I,  W),  which  shows  that  U € mf(S  -♦  R)  . 

K K.  N 


Every  non-empty  subset  of  mf(S  -»R^  has  a Klb  in  mf^'S  -»  R ) 

We  show  that  T if  3>-  <■  R uch  that  (v  f e M)  (f(x)=z)  then 

! otherwise 

is  monotonic. 

Let  X,  y G S such  that  x < y.  Assume  ^ u)* 

Then  Y f G M,  f^x'  ^ ^ • Since  every  f in  M is  monotonic, we 

also  have: 

f ^ M , f (x)  H ffy)  ^ y;  . 

Hence,  by  definition  of  ^ x)  ^ shows  monotonicxty  of 

'm- 

Therefore  mf  S > R)  satisfies  the  hypothesis  of  the  theorems  of 
Part  B,  and,  combining  the  results,  we  can  state: 


Tht'ortm:  fV»M-v  monotonic  functional  -r  over  mf''S  R)  has  a 

monotonic  least  fixpoint  s which  is  equal  to; 

gib  '■  t " mf ' S R)  I f < fl  . 

If,  In  addition,  - is  continuous,  then: 

- lub  f T (n)  I i non  negative  integer!  , 
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APPENDIX  II 


SYSTliMS  OF  RECURSIVE  DEFINITIONS 


Infoduct  ion 

Extension  of  the  Model  of  Chapter  2 
Analogs  of  the  Results  of  Chapter 
Analogs  of  the  Results  of  Chapter  J* 

Fixpoint  Computations  for  Systems  of  Recursive  Definitions 
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A. 


IntroQuctlon 


In  this  Appem'ix,  wf  ext..'nd  the  model  and  the  results  of  Chapters 
2 - 5 to  systems  of  recursive  definitions.  We  show  how  all  definitions 
can  be  extended  in  a natural  way  so  that  the  results  valid  for  single 
recursive  definitions  possess  analogs  which  arc  valid  for  systems  of 
recursive  defiritions;  these*  reduce  to  the  previous  ones  when  the  system 
reduces  to  a single  definition.  The  extensions  are  rather  straight- 
forward  except  for  tiie  notations  which  unfortunately  tend  to  obscure 
the  simplicity  of  tlie  results. 

B.  Extension  oi  the  Model  of  Chapter  2 

In  order  to  express  systems  of  recursive  definitions,  we  need 
a straightforward  extension  of  the  alphabet  and  terms  of  Chapter  2. 
The  alphabet  is  extended  to  include  k function  vf.iiable  letters,  F^, 

Fp , ...,  Fj^ , and  the  terms  are  constricted  in  i fit*  name  way  as  in 
f 2.2.2  except  that  .2.2  fv  is  changed  to:  "If  ...,  - are 
terms,  then  F^  (tj^,  ...,  t^)  is  a term,  for  every  j,  1 j k.  " 

Such  terms  are  now  denoted  by  ry  F,x),=  F,x  , ..., 

" , etc. . . 

The  definition  of  substitution  in  ^ is  trivially  aeralized 

for  these  terms.  The  definition  of  interpret.. lions  in  2.5.I  need  not 
be  modified. 

The  weak  and  strong  values  of  terms  arc  easily  generalized  in 
the  following  way: 

(a)  Weak  Values 


Given  a k-tuple  f = 


. . . , f of  partial  functions 


of  elements 


fi  C pf  (L);,  1 ?;  j k,  4nd  an  n-tuple  ^ . t p 

J n in 

€ [^  \]  fd},  the  weak  value  of  a term  jy  for  T * f and 
X = F , denoted  o?(f,F),  is  defined  inductively  as  in  " 2.J.2  (a), 
except  for  case  ^v)  which  is  modified  as  follows: 

"if  a = for  some  j,  1 s j ■'  k,  then: 

- if  the  vector  ....  o^^'f.F)-  does  not  belong  to 

(d"*”)",  then  o (f.p)  2 d, 

- otherwise,  if,  for  some  i,  Ic  i c n,  = uj>  then 

o (f .1)  = 0). 

- otherwise,  f,F)  , . . . .otj,'' f »^) ) • " 


(b) 

‘j  P*n 
elements 
a for  F 

? 2.3.2. 


Strong  Values 

Given  a k-tuple  f - fj fj^  - of  partial  functions 

CD^),  1 < j < k and  an  n-tuple  ~ » • « • » ^ of 

F^  e ^ U fdl,  1 c i i n,  the  st-ong  value  of  a terra 
= f and  X = F,  denoted  'y  is  defined  inductively  as  in 

(b),  except  for  case  ^v)  which  is  modified  as  follows; 


"if  c^)  for  some  j,  1 s j k,  then; 

- if  the  vector  . . . , f , f ) - does  not  belong  to 

(d"*^)",  then  '^f  ,f)  h d, 

- otherwise:  2 fj("^(f,f),  ....  o^'^f,^))." 


Comments  similar  to  those  in  2.5.3  may  be  made  regarding  the 

lelations  between  the  two  types  of  evaluations.  In  particular,  for  every 

k-tuple  f = < f„ f,  of  partial  functions  f . € pf  (D)  , 1 s j S k 

^ £1  K J n 


9 • • • I 


and  for  every  I»",  we  have,  for  every  term  ^^fF,  x)  : 

i.  ~^J  - '). 

where  f , natural  ext'/nslon  of  f is  defined  by: 


-+ 

f = 


r 


f 


+ 

k 


Correct  terms  are  defined  as  terms  whose  strong  values  always  belong 
and  compatible  terms  as  terms  whose  strong  values  always  belong  to 
the  formal  definitions  are  straightforward  extensions  of  those  in 

*■  2.5.2. 


A system  of  recursive  definitions  will  be  a system  of  the  form: 
^ Fj(x)  - = T^( F,  x) 


where  there  is  e:-:actly 
1 < j ''  k,  and  where  each 


one  recursive 
j . 1 j •'  . 


definition  for  each 
is  a compatible  term. 


We  abbreviate  such  a system  by  the  notation: 


F'x‘~  "(F,  x). 


Fixpoints  of  such  systems  are  defined  in  c following  way, 
which  is  a natural  generalization  of  the  definitions  of 
' 2.5.4: 

(a  ! Weak  Fixpoints: 

A k-tuple  f - f f of  partial  functions 

1 k 

fj  G , 1 •'  j ^ 4, 


is  a weak  iixpoint  of  a system  of 


recursive  definitions  F (x)  <=  t (¥,  x)  iff; 

V ? G d",  'j.  1 ^ j <k:  f.(F)  ~.(f,  F) 

(b)  Strong  Fixpoints 

A k-tuple  f = " fj^,  fj^  ' of  partial  functions 

fj  e pf^(D^),  1 ■c  j k,  is  a strong  f 'xpoint  of  a system  of 
recursive  definitions,  F ^x)  <=  ^ (F,  :<)  , 
iff: 

vie  vj,  1 j ^ k,  fj(e)  f)  . 

It  is  convenient  to  associate  functionals  to  a system  of 

recursive  definitions,  or,  more  generally,  to  a k-tuple  of  correct 

terms.  Let  us  show,  as  an  example,  how  to  associate  a functional  a to 

a k-tuple  O'  = < aj *^k  correct  terms, 

/a  “ n + k / 

a will  be  a functional  mapping  an  element  f of  (D  ) ->  (d  ) — ^ 

into  an  element  a [ f]  defined  as  follows  : 

Let  f = ■-  f^ fj^>  be  ar  element  of  -» 

where,  for  every  j,  1 ^ j k,  f.  is  an  element  of  -•  = pf^(D^); 

'S*-  -+n  +k 

then  af f]  maps  every  F G (D  ) into  a f f]  (f)  G (a  ) defined  by: 

? ff](?)  = ^ \ (f,  F) \ (f,  1)  > , 


where , 

for  every  j , 

1 £ j ^ k. 

of 

for  F = f 

and  X = F . 

*/  I • 

— ' We  use  the  notation  ^S^-*  R to  ^ejiote  the  set  of  mappings  of  S 
into  R.,  Notice  that  (D  ) -»  (D  ) is  trivially  isomorphic  to 

[pf„  (d"")]^. 

m 


If  O'  is  a k-tiiple  of  compatible  terms,  then 


O' 


is  simply 


a functional  over  If  we  take  a system  of  recursive 


definitions  K (x)' 


(F.x'',  in  which 


T ~ '’■j is  a k-tuple  of  compatible  terms,  and 

it  is  clear  that  a stronK  fixpoint  of  the  sysiem,  as  we  have 
defined  it  above,  is  equivalently  a fixpoint  of  the  functional  -r  . 

A completely  analogous  discussion  can  be  carried  out  for  the 
weak  fixpoints. 

We  now  need  to  generalize  the  definition  of  computations  of 

" 2.1.2,  to  systems.  An  elementary  ctxnputat ion  of  a term  cciF.x) 

- - / ^ n 

for  X = c C (1)  , using  a system  ol  recursive  definitions 

F (x)-"* 


^a) 

(b) 


F,  >;  is  a sequence  of  teiTis  ^y.,  i 5 C 1 such  that: 
= F c ^ • 


For  every  i 0 : 

g 

- either  (bl):  , where  o is  free  of  x, 

and  the  equation  : 

"p'f,  ) V 'f,  holds  for  every  f c 

- or  ‘ h2  : 


■^j'F.  r) 

^i+1  ^ ^ ^ ^ j ^ • 

F.  o'!  ^ 

J 


JJ  The  definition  of  ^ F,p)  where  p is  an  n-tuple  of  terms  is 
a straightforward  adaptation  of  the  dtfinition  given  in  < .it.l. 


The  definitions  of  ccmpuiations . lerminatint;  computations  and 
jjinermost  computat ijjns  are  easily  transposed  from  those  in  Chapter  2. 

A computed  function  over  D i of  a system  of  recursive 
definitions  F(x)<^:  'F.x,^  is  any  f g (p"")"  such  that, 

for  every  c e (d''’)"  and  every  j,  1 <;  j ^ k: 

c)  ^ then  there  is  a computation  of  F (x) 

j 

for  X = c,  using  the  system  of  recursive  definitions,  which 
terminates  with  f^fc'l; 

(ii)  if  f.(c)  then  thc're  is  a computation  of  F fx) 

^ j 

for  X ® c,  ising  the  system  of  recursive  definitions,  which  does 
not  terminate. 

Similarly,  one  defines  a ccxnputed  function  over  d"  by  substituting 
D for  (D  )"  everywhere  in  the  above  definition. 

C • Analogs  of  the  Results  of  Chapter  •' 

With  these  definitions,  all  the  results  in  Chapters  > - 5 are 
easily  translated  into  results  for  systems  of  recursive  definitions. 


if  f G ) -,^{D  ' , for  every  j,  1 r,  j ^ k,  f.  is  the  p 

function  of  Pf^(D  ) defined  by:  v ^ C : f.'p)  is  the  j- 


partial 


component  of  f /'?)  r ''d  ) 


' j-th  projection. 


me 


For  example  we  have ; 


a Theorem  1 : i or  every  sysU-m  of  r.'t  ursi  ve  de  1 i ni  t.  ions  , 

every  srron><  fixpoint  ■' s an  extension—  ol  everv  computed  fmution 

over 

fo  piovt  tiiis,  'ne  applii-s  t iu  same  techniques  as  in 

Chapter  to  each  component  F^  x . All  the  preparatory  lemmas  of 

^ J.-.l,  *.P.T  and  ^ apply  with  tiu'  obvious  change  of 

notations:  F into  F,  pf^  into  etc. 

^b)  Similarly,  the  leinnuis  and  Theoran  c of  Section  ■'.5 
concerning  innermost  computed  functions  and  weak  fixpoints 
extend  innediately  to  systems  of  recursive  definitions. 

D . Analo>;.s  of  the  Results  of  (diaptei  ..  . 

The  study  of  nonotonicity  and  cintinuitv  for  systems  of 
recursive  deiiniti  >iis  proceeds  aloiu;  t'  . lim  s of  Ciiapti  t except 
that  it  is  better  to  regard  D * *■  as  a partially  oideied 

set  with  the  appropriate  properties  and  apply  t'u-  p.eneral  tleoiems  of 
I.  .h  . 1 to  it  rather  tiian  to  try  to  regard  it  as  a set  ol  partial 
functions . 

The  notion  of  a monotonical ly  structured  systm  oj  r<  cursi  -e 
def  init  ions  is  tiie  same  as  in  the  case  of  a singlr  recursive 
definition-  tlie  eivtii  functions  must  be  monotonic. 


^If  f,  y are  elements  of  u'*’'"  v,e  say  that  g is  ar 

extension  of  f , denoted  f » g,  if  and  only  if;  vj , 1 ■ j 
fj  ' where  fj  and  are  the  j-th  projections  of  i and  ’ 
which  are  eltanents  c’f  pi  Li  ^ . 


Then,  tor  moni'tunicu  1 1 v structured  terms,  the  lemmas  of  ' u,^,2  , 


, and  . . coTu.-ri'i'u  tn- >’ioL  nr' i t i t and  e(int‘'iuniy  carry 

over  to  the  i.a.se  *’t  >tvttal  luu  t i 'D  va'-iables  without  any  di  liii.  ity. 

-•  n . ' 

The  relevant  parti.i!  nrderinp.s  >,  ')  . ) 


, n ’•  k 

and  n D 


are  extension  nrderin^s  denoted  v and  defined  n the  following  way; 


- ^ n ^ 

V f,  g G (I)  ' . D ^ 


V f,  8 G D 


+ vk 


D '' 


1 : * , iff  • j k,  f ‘ g.  ; 

j J J 

: f * g iff  ' , , 1 ■ j k,  f w g . 

: J J 


In  fact  the  functionals  - and  - associated  with  a monotonically 
structured  system  of  recursive  definitions  also  have  properties  of  mono- 
tonicity and  continuity,  frtxn  which  the  analogs  of  Theorems  ^ and  U 
follow  directly.  Let  us  go  into  some  detail  for  'he  derivation  of 
the  analog  of  Theorem  ' : 

Let  F X • - - F,x  bo  a monotonically  structured  system  of 


recursive  definitions.  Then  we  first  s!iow  that 


is  a monotonic 


and  continuous  mapping  over  the  set  of  monotonic  mappings  of  'D  (d"*^ 


i.c.  over  arguments  follow  those  of 


.^.2.  and 

using  in  addition  tfie  fact  that  - is  monoto’^ic  resp. 


continuous)  iff  for  every  j,  i < j < k,  is  monotonic  resp. 

continuous  . 

r 1 

Then  one  shows  that  the  set  M = 'mi  D ''  has  i least  element, 

n 


_i,  , , and  IS  chain-closed. 


The  analog  of  Theorem  now  follows  easilv  he  application  of  the 
general  Theorems  of  • L.L.li  it  says  that: 

"Fverv  monotonically  structured  system  of  recursive  definitions 


F X . = -.1,  X has  a monotonic  least  stronj:;  fixpoint,  I . 

'T 

In  addition ; 

i = lub  f ' ' i I" 

The  analog  of  Theorem  i, , concerning  the  least  weak  fixpoint  f 

T * 

Is  also  true. 

^ • rAxpoint  Compulations  fur  Systems  of  Recursive  Definitions  . 

Finally,  the  fixpoint  canputations  which  we  have  seen  in 
Chapter  ^ can  be  easily  extended  to  compute  the  least  fixpoints 
f_  and  f-  of  a monotoni cally  structured  systcnn  of  recursive 
definitions . 

standard  simplifications  need  no  mod ii icat i on . Also,  if 
is  a monotonical  Iv  structured  term  free  of  such  that  5(’,  )h  a 
for  some  a / then  .imp  o,  = a.  (Analog  of  the  last  lemma  of  f r.2) 

-he  fu_l^  substitutions  are  easily  extended  to  terns  with  several 
function  variables  the  inductive  definition  of  Fsubst,(^'  will  be 
Identical  to  the  one  in  except  for  case  which  becomes: 

" ’■  j n ^ some  j,  1 < j c k,  then: 

f.-.db.t_  “ 'j  f' - Fsubst_  ...,  Fsubst_(,5^)  )•" 

The  mporent  U-mm  of  ' ;.J.l  hos  Its  analog  here,  which  can 
be  expressed,  foi  example,  in  the  following  way: 

"For  any  corr.ut  term  and  any  k-tuple  : of  compatible  terns. 
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lU. 


+ . ,k 


for  any  f c ^ ^ ' 


Ksubbt_  'a)  'f.  • ' ^ ^ i.  , ■ ) ." 


+ vn 


The  full  (.  mii)utat  ion  of  a i»nn  ^ forx^ce  (D  ) using 

a monnt onica  1 ly  stiiietured  sy‘-'tcn  of  reeuisive  dt'flnit  ions  F xj-.-^fF.x' 
will  be  a spqueiitt  of  terms  such  that: 

0 , “ a[  F * f J * 

and,  for  every  p C; 

\jp+l  = Simp  'cy2p^  ’ 
o p+/.  = Fsubst_^  ^p+1  ' 

These  terns  have  the  property  '’analogous  to  the  first  lenraa  of 
5 5.3-3'  tliat: 

" - , , +,.k 

^f  pf  , VP  ^ C: 

n 

»*s-/ 

•’  «.p41  ^o'  ^ ^ ’ 

Then  the  analog  of  tiie  second  lemma  of  ” .J.J;  also  holds. 

It  says: 

'TvCt  be  a raonotonically  structured  correct  term, 

x)  '=  -(I,  x'  a monotonically  structured  system  of  recursive 

definitions,  and  let  c r (D  . Then,  the  full  computation  of  q, 
for  X - 


using,  the  systir  terminates  with  a 


iff  f ,c,  a;  it  does  not  terminate  iff  o f ,c  = -j.  (T  is  the 

" T 

least  strong  f ixpoint  of  the  system,." 


The  computed  function  f^  obtained  by  full  computation  of  the 


1^? 


system  F(  x - F,x'  will  be  the  k-tiiplo  f , f 

c , 1 c , k 

where,  for  every  j,  ! • j - k.  ' Pf,.,  P ) is  the  p.'irtial 

function  obtained  b>  the  full  computation  of  I . x'^  using  the  system. 

Ttien  the  analog  ot  . lu  orcm  ^ says  tiiat  i.e.  the  computed 

function  obtained  by  !ull  ccroputation  ot  a monutonically  structured  system 
of  recursive  definitions  is  the  least  stroii).'  fixpoint  of  the  system. 

The  definitions  and  fixpoint  propottics  concerning  innermost 
computations  carry  over  to  systems  of  recursive  definitions  in  a similar 
fashion ; 


Parallel  Innermost  Substitutions  are  readily  extended  by 
changing  . 1 v to. 


rj  - • • • . for  some  j,  1 • j > k; 

if,  for  every  i,  1 • i • n,  = a , a ■'  C,  then; 

1 


Psubst-  ij  - ~ . F , 


1 ’ 


. <1 
-n 


othc  rwise : 

Psubst^  (o;  = FfPsubst_  c Psubst  ( 

T , I n 


The  definition  oi  the  standard  innermost  computation  is  likewise 
readily  extended. 

The  computed  function  f^  ottained  by  the  standard  innermost 
computation  of  the  system  V >.)  = -'v,  xl  will  be  the  k-tuple 
' k when,  for  every  j.  1 j - k,  f . o pf  p' 

obtained  by  the  standard  innennost  computation  of  F,'x  using  the  system. 

Then  we  have  the  an.tlogou.s  i the  lemna  of  and  of 

Theorem  6.  The  latter  will  r«-ad,  for  example; 

"the  computed  function  obtained  by  standard  innermost  computation 


of  a monotonically  structured  system  of  recursive  definitions 
is  the  least  weak  fixpoint  of  the  system." 

Likewise,  the  generalization  of  safe  innermost  computations 
can  be  done  with  no  special  difficulty.  The  definitions  of  the 
safe  sinplifications  and  safe  innermost  substitutions  are  unchanged, 
since  they  depend  only  on  the  givei  functions. 

The  analog  of  Theorem  7 is  again  true  and  reads:  "Any  computed 
function  obtained  by  safe  innermost  computation  of  a monotonically 
structured  system  of  recursive  definitions  is  the  least  weak  fix- 
point  of  the  system". 
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